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Bending Vibrations of a Pipe Line 


Containing Flowing Fluid 


3y HOLT ASHLEY’ an 

Free vibrations and forced motions due to cross winds 
may both create important problems in the design of pipe 
lines supported above ground. An analytic investigation, 
based on simple beam theory, shows that the flow of fluid 
in such a pipe line produces marked damping tendencies 
and thus may reduce the severity of loading encountered. 
The time dependence of the fundamental mode of a simply 
supported pipe line is calculated for a number of mass- 
flow rates, the damping being observed to increase rapidly 
and the frequency to remain nearly constant over the prac- 
tically important range. A method is outlined for study- 
ing forced vibration, higher modes, and other end condi- 
tions. Finally the problem is discussed in terms of travel- 
ing waves on an “‘infinite’’ unsupported pipe line. 


STATEMENT OF PROBLEM 


HI 


namically 


preset! tu vbstigation arose from g ol aerod 


induced vibrations, which occurred at critical 
wind speed in a large above-ground oil pipe line operated 
by the Trans-Arabian Pipe Line Compan) The vibrations were 


observed to be complicated in character and of small amplitude, 


decaving to rest alter a tew seconds In view of the violence 
of the oscillations which critical winds induce in other circular- 
cylindrical beams (1 one is led to suspect the presence of some 
agency that damps the pipe-line motion and tends to destroy its 
simple harmonic nature. The following analysis indicates that 
the flow of oil in the pipe line is such an agency and attempts to 
evaluate its effectiveness quantitatively. 

As a model on which to base the theoretical study, consider a 
continuous pipe line of uniform, hollow, cylindrical section. Qut- 
side diameter is 30 in., and supports are spaced about 66 ft apart. 
Since alternate spans were observed to vibrate oppositely to one 
another, the condition of simple support is suggested. Each 
span appears to conform quite closely to the issumMptions of 
Without fluid 


the differ- 


simple beam theory with simply supported ends. 
flowing, the free motion of any span is then governed b 


ential equation 


where 
El = 


3 = 


flexural stiffness 
mass per unit length 
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2 = lateral deflection of pipe line 
r = axial co-ordinate 
t = time co-ordinate 


If L represents the length of a span, Equation {1} must be 


yined with boundary conditions 


stem I 2 are well | 


The sol 


simple harmonic 


jtions of Ss nown to consist 


Vibrations 


with sinusoidal mode sl ipes 


ircular frequencies 


If incompressible fluid flows along the pipe line at flux 


mass per unit time), lateral motion induces a shear force 


on each section, as illustrated in Fig. 1. The magnitude of 


shear may be affected by the development of eddies or system 


ett 


Mean « th 


secondary circulation in the flow, and it would certainly be 


to some question if the fluid were compressible, since then the 


center of mass of the fluid contained in any section would not be 
constrained to move laterally with the pipe 
necessarily must be neglected in the present simple analysis. Ir 
order to set up the 

, 


but with negligible rotatory inertia, apply Newton’s law to 


pip This has mass mdz and accelerat 


0 at lustic shears ipply a force 


kl 


1 shows tl 


inced shear 


hig t the mass flux accounts fe uwiditional unt 


All these effects 


flexural vibration equation with mass flux @ 
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Cancellation of common factor dz produces the linear differential 
equation 

o*z . o* 


El +o 
or* ord 


line can be studied by finding solutions 
to boundary conditions [2], either with 
Permanent forced 


Free motions of the pipe 
of Equation [3], subject 
or without prescribed initial conditions. 
motion of the pipe line is described by a particular solution of 
System [3}-(2] with the given forcing function F(z, t) per unit 
length inserted on the right of Equation [3]. In a cross-wind of 
velocity v, F(z, t) is probably very nearly of the form Pe", w 
heing obtained from the experimental relation 


wD 


t 


= 2r(0.202 
when the Reynolds number based upon pipe diameter D is less 
than about 400,000. Krzywoblocki (2) states that for greater 
Reynolds numbers, the wake of has a lateral 


periodic character that can be brought out by resonance between 


a cylinder still 


its frequency and a structural natural frequency of the cylinder 
Therefore dangerous resonance cannot be ruled out completely 
The same reference (2) shows that the empirica)] value of w,D/t 
increases with Reynolds number beyond 400,000, going toward 
infinity from its lower range magnitude near 2x (0.20) 
Considerable light can be thrown on the forced-vibration prob- 
lem by consideration of the simpler free-vibration problem repre- 
sented by Equations [3] and [2]. The third term of Equation 
3] is somewhat like the viseous-damping term which occurs in 
the equation of motion of « single-degree-of-freedom system; if 
the pipe line were externally damped it would be of the form 
f(Oz)/(ot Hence vibration are 
strongly suggested 
free vibrations can occur, since no “standing waves” are capable 
Since linear differential Equa- 


damped natural modes of 


It will be shown that no simple harmonic 


of being set up in the pipe line 


tion [3) has constant coefficients, the standard method of solu- 


tion‘ is to assume that 


This substitution leads to the algebraic equation 
El a‘ + t “ 0 


In theory this quartic can be solved for its four roots 


A solution of the form 


conditions [2], producing four 
The coeffi- 


is substituted into boundary 


homogeneous, linear equations lor constants C; 


cients in these equations are functions of w and the beam proper- 
ies. The 
denominator determinant of these coefficients equal to zero 


characteristic values of w can be found by setting the 


While the process just outlined is relatively simple for beam 
problems with « = 0, it is practically unworkable in the present 


Hence 


to find 


in alvtic solution of a quartic, etc 
is called for 


case since it ealls for 


some straightforward approximate scheme 
Since a Fourier series representation of the 


f the natural modes a 


the naturel 


mode shane appears impossible in view « 


modes 


o = 0), it was decided to resort to a power-series approximation. 


4 MM ) 4 5 4 


* Keference (3), pp 
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SoLuTION BY POWER SERIES 


In order to generalize the results and simplify numerical cal- 


culation, the problem is set up in terms of the following dimen- 


sionless quantities 


tv El/mL 


Substitution into System [: 2] produces the following forms 


o* 


= ¢@L/V mE! is a dimensionless mass flux 
stem [4]-[5] is solved by assuming 


Insertion into Equation ordinary differential 


equation for F 
a‘Fe 
des 


case of forced vibrations on the right side 


In the 
of Equation [3] leads to 


; 


mn the right of Equation [4] with 6,7 The 


- constant PL*/E/ 


would then appear on the right of Equation [6], and 6, would re- 


place 6 throughout 

Substitution of power se:ies [6] into Equation [8] and bound- 
onditions [5] gives a set of simultaneous equations for the 
oefficients a,; ao and a, are at once determined to be zero, leav- 


ig the following equations 


= 
> wl 
oe 


24u, + 


1200 


/ 


For forced vibrations, the constant PL*/ ET appears on the right of 


Equation [9c], while the others are unchanged. Convergence 
= 0 and cer- 


of the power series is easily demonstrated when u 


tainly also holds for small positive values ot u Therefore a solu- 


tion n be obtained by cutting off the power series above some 


can 
finite n and solving svstem [0 For the free vibrations, values of 
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6 are determined by equating the denominator determinant of the wV mL‘/El = 9.679 
system to zero The mode shapes are then given by the relative 7 0 163 

6, = he 
magnitude s of the a \ study of the forced vibration could be "1 


carried out by plotting the response (deflection at mid-span, from these it is easily calculated that the 


etc.) versus w, or 6, for different values of». Each point on such juency of the fundamental mode of bending 
a plot would result from simultaneous solution of system [9] 22.2 radians per sec = 3.54 cycles per sex e free tion 
with appropriate yu, 6,, and ?L*/ EI substituted will damp to one half its initial amplitude 


The fundamental mode of free vibration of the pipe line has’ eycles, For a system of such large mass 


been calculated for values of 4 from 0 to 0.25, which seem to cover — would have to be applied by a very large fore , at exa 


the range to be encountered in practice It was found by com- the natural frequency before a dangerous resonat condit ic 


parison with the known solution 6 = x? u 0 that terms up 
to ay must be included for satisfactory accura This ealcula- 
tion involved determination of the proper root of a sixth-order 
complex polynomial in complex 6. These roots were found 
graphically, using a simple iteration procedure which started 
from the known value of 6, when w = 0 rhe results appear in 


Fig. 2 Since the time history of the motion is represented by 


Erp 56V EI /mL'‘t 


Exp | |—8, VEl/mL* idpV EI /mL‘| t} 


with 6 = d, + 76,), it can be described by curves of dimension- 


less circular fre quen 


V mL El 


and dimensionless damping factor 6, versus dimensionless 


mass flux uw. Very little change is seen to occur in the frequency 
of vibration over the practical range of « The damping in- 
creases rapidly with », however, confirming the suspected in- “ 
fluence of mass flux on the vibrations It is not expected that DIMENSIONLESS CiRCI n Frequency wVmL*/EI «np 
small values of » will produce large changes in the mode shapes G Factor —4; Vexsus Mass | x Parameter w= ol, V mE] 
but the fact that the values of a, will be complex shows that all rom Funpamentat Vipeation Mops or 4 Pipe Lins 


points along a span will not reach maximum amplitude at the 


wn ] t ] ' 
same instant Thus waves will be observed to travel along the could occur Any impulsive or transient excitatio 


handled easily by the energy dissipation due to the tluid motion 


pipe lhe appearance of such waves probably accounts in part 
for the complicated character of the motion actually observed in Pherefore it is not expected that aerodynamics luced vibra 
the Arabian pipe line. tions of serious magnitude w 
The method proposed can be extended to study the higher har- 


monics of free vibration of the pipe line and to compute various 


TRAVELING Wavt 


types of foreed motion. It is also suitable for svstems with other It is known from simple 


boundary conditions, such as a clamped pipe can occur In an unsupport 
natural vibrations of a finite sy} e reg Las standing 
NUMERICAL EXAMPLI vaves produced by traveling waves of equal wave length 
Consider a pipe line with the following properties smplitude proceeding in opposite directions. Onl 
of equal wave length travel in the two lire 
Outside diameter 30 in locity can such standing waves oceur 
Wall thickness 0.25 in Much light can be thrown on the vibrati 
Span between supports U 60 Tt with Maas flux by conside ring its trave ling 
these is found by changing variables in Equat 


The bending stiffness of the steel pipe is given by 
randy ur, Whereupon it assume 


E = 30,000,000 psi 
/ = 0.249 ft* 
EI = 1.077 X 10°, lb-ft? 
If the pipe line is full of oil with density 56.2 pef, the n in be solved by separation of variables, letting 


unit length of oil and pipe is 
= 10.77 slugs per 


At the high outside te mperature to be exper ted, the viscosity ol 
the oil will be low, and turbulent flow will occur inside the pip« 
Hence a representative figure for the mean flow velocity of the oil 
is 15 fps and ao = 124 slugs per se« This gives a dimensionless 
mass flux of u = ol /V mEI = 0.0761 

Fig. 2 gives the following values for dimensionless circular fre- 


quency and damping rate 
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Simple harmonic traveling waves are represented only by those 
solutions in which 8 and 6 are real quantities. Thus two of the 
values of 8 are excluded, leaving 


+ 1/2 V ut 4. 482 


+ 1/2 V ut + yd? 
In terms of the original variables r and £ the two types of waves 
are represented by 


ti ~ Explifit + (6 By )r 
= Erpliv/s + i(é uy dr} 
fo ~ Explipe + (6 uB2)r] 


[ 


= Exp 





Vv \ 


Harmonic traveling waves are of the general form , 
Versus Ao/L re 
2n INFINITE Pire | 


Exp | i 


with A the wave length and V the velocity of travel. A com- 
parison between this expression and the forms of {; and { leads 


to the following wave lengths and velocities of the two types 





El “V/ ut + 4852 — p2/2 
In Equations [11] and [12], 4 is to be regarded as an intermediate 
1 
parameter which can be used to calculate corresponding values of 
V and \. These values have been computed and are plotted 
I I 
in Figs. 3 and 4 in the dimensionless form VY mL?/ET V, versus 
AJL L must here be regarded as some reference length 


It is evident from Figs. 3 and 4 that no standing waves can 
' 


cur at any wave length unless « 0 All of the « urves preserve 
rough inverse proportionality between V and \, which rela- BIBLIOGRAPHY 
tion holds exactly at p 0. However, for a given \, the waves anical Vibrations,” by J. P. Den Hartog, McGraw-H 
traveling in the positive X-direction move faster than the nega- sook Company, Ine., New York, N. Y., 1940, chapt. 7. 
tive ones. This fact of course reflects a tendency of the flowing “ nvestigation of the Wir g-Wake Frequency With Ap; 
al Number,” by M. Z. Krzywoblocki, Journal 
p 12, January, 1945, pp. 51-62 
und Integralgleichungen der Mex 
he true free vibrations of the finite pipe line must then be iys t hilipp Frank and Richard von Mises, Mary S 


» urge the positive waves along and retard the negative 


d by somehow superposing solutions of |} quation {10}, cor- K oe wR, reprinted by authority \ 
nding to imaginary or complex values of 8. Such solutions 


vhibit deeaving or diverging characte tics with both X and 





The Flow and Fracture of a Brittle Material 


BY L. F. COFFIN, JR.," SCHENECTADY, N. Y. 


The mechanism of flow and fracture of a gray cast iron 
can be understood if one considers the microstructure to 
consist of a ductile structure with a random dispersion of 
cracks due to the graphite flakes following the concept of 
Fisher. A notch effective stress can be calculated for a 
critically situated crack by a knowledge of the external 
stresses, a plastic stress-concentration factor of 3, and a 
residual tensile stress at the sharp edge of the crack, 
based upon either the “‘maximum-shear”’ theory or the 
“‘distortion-energy’’ theory. This allows the formulation 
of generalized plastic stress-strain relationships and ren- 
ders gray cast iron applicable to the many known solutions 
for plastic flow of ductile metals. Fracture in the region of 
tension-tension and tension-compression can be evaluated 
by a similar analysis, using the same stress-concentration 
factor and the same residual stress. A combined stress- 
testing program is described wherein thin-walled cast- 
iron tubes are subjected to two-dimensional states of 
combined stress covering the complete two-dimensional 


field. 
NOMENCLATURE 


The folk 


wing nomenclature is used in this paper 


01,02,0% 


or = principal stresses, psi (a second subscript refers to 


Fo,Fi, Ty position 

a residual stress 

effective stress, depending upon theory of strength 
used 

notch effective stress 

notch effective stress at fracture 

principal strains, in/in. (second subscript refers to 


position; subscript p indicates a plastic strain; 


€ns€ny€s subscript ¢ indicates elastic strain ) 

effective strain, depending upon theory of strength 
used 

modulus of elasticity, ps 

Poisson’s ratio 

Poisson's ratio for plastic strains 

variable coefficients depending upon degree of plastic 
flow 

1+D 

D/2 
tress-concentration tactor 


INTRODUCTION 


Mathematical formulation of the laws governing the deforma- 
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tion of an ideally plastic material under a monotonic combined 
stress state are well known (1)? and have been used with considera- 
ble success in numerous cases of static plastic flow and creep of 
ductile metals, such as the various steels, copper, aluminum, ete. 
In the formation of these relationships it is assumed that the 
material is isotropic, has only elastic compressibility, and that a 
generalized stress-strain relationship can be expressed of the form 


(1) 


* * 


where o* is the effective stress, «* the effective strain defined as 


The basis of these effective stress-strain relations stem from the 
“distortion-energy”’ theory for plastic flow. Other simplified rela- 
tions have been substituted for Equations [2] to facilitate analysis 
such as 


= Omar Omin 3 
[3] 
= ¢max €min 


the While 


Equations [3] lack the theoretical advantages of Equations [2], 


basis of which is the “maximum-shear’’ theory 
combined stress experiments by Davis (2) and Osgood (3) show 
that either is equally satisfactory, and further, that the validity of 
Equation [1] is good to about 10 per cent effective strain 

\ generalized Hooke's law for plastic flow may then be written 
to include both elastic and plastic components of strain and has 


the form (4 


Ee = wd; 
Ee = wor 


Ea = 


W053 


where 
{5] 


are the elastic constants (modulus of elasticity and 


Here E and » 
Poisson's ratio) and D is a variable, depending on the degree of 


flow I quations | 1! satisfy the law of constancy of plastic volume 


or 


Tz + Os 16] 


term of the right-hand side represents the elastic bulk 
Also, Equations [4 
regarding the constant proportionality of the stress differences to 


where th 
modulus change satisfy the plastic-flow law 


the strain differences or 


The variable D can be found in terms of the effective stress- 
2? Numbers in parentheses refer to the Bibliography at the end of the 


paper 
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strain quantities by substitution of Equation {4} into the defini- 
tion of «*. Then 


[8) 


If one desires to use such relationships for a particular material, 
then certain experimentally observed characteristics must hold 
By the nature of the Equations [1], [2], and [3], the simple ten- 
sion stress-strain curve must be identical with the simple com- 
pression stress-strain curve 
dition of constancy of the plastic volume of the material, and iso- 


Furthermore, because of the con- 


tropy, Poisson’s ratio for plastic strains, both in compression and 
tension half 
Mohr’s stress circles must be proportional to Mohr’s strain circle 


must be one Furthermore, by Equations [7 
The foregoing characteristics are found to exist for the various 
so-called ductile materials such as iron, steel (except for ferritic 
steel at low temperatures and tool steels), copper, aluminum, lead, 
etc., at strains less than 10 per cent when the material is fairly free 
effects Brittle 


evidence of only slight flow in simple tension 


of directional materials (those which show 
in general do not 
show these characteristics. These include such substances as 
cast iron, concrete, pure magnesium, the glasses, beryllium, phos- 
phor bronzes, ete. Generally , in these materials, the tensile charac- 
teristics are completely different for the compressive, showing for 
a particular stress « considerably larger plastic strain (except in 
the case of glass where no plastic flow is found Further, the 
lateral-strain characteristics are markedly different in a tension 
and compression test, the tension test showing little lateral con- 
traction, the compression test indicating considerable lateral ex- 
pansion. 

Because of these difficulties, the relationships of ideally plastic 
flow are completely invalid, and no success will be encountered in 
their use when a brittle material is considered. One of the pur- 
poses of this research is to investigate the behavior of a brittle 
material (cast iron) under combined stress, with an attempt to 


show what laws, if any, are followed when a brittle substance 


flows, and whether such laws can be formulated mathematically 
This would be 


practical importance since low-ductility m 


as in the case of ductile metals of considerable 


terials are commonly 
used in engineering applications and a complete understanding of 
their behavior should act to increase the scope of their application 
as well as the assurance of their present service 
Hand in hand with the problem of plastic flow in a brittle 
5toll 


lem and is not well understood. I: 


ma- 
terial is the problem of fracture Phis is a complex prob- 
a brittle structure the maxi- 
That is to 


will occur when the maximum tensile stress reaches a 


mum stress theory is generally accepted as applying 
say, failure 
certain critical value 


This of course does not answer the prob- 


lem when compressive stresses predominate in the loading. Ex- 
perience seems to show that, under conditions of loading which are 
predominantly tensile, failure occurs along planes of maximum 
normal stress, while under simple compression, failure occurs by a 
shearing process on planes at about 45 deg to the loading direction 

Of particular interest in the problem of fracture of brittle ma- 


Th. von Karman 
on various brittle 


teriais is the influence of hydrostatic pr ssure 
in his test on marble (6), and Bridgman (10 
materials, show that a superimposed hydrostatic pressure greatly 
the brittle 


Bridgman has obtained in a tension specimen of beryllium 


increases ductility of a substance before fracture 


occurs 
a necking down to 48 per cent reduction in area by a high super- 


o”7 


imposed pressure of about 27,500 kg per sq cm 


The present-day concepts of the causes of brittleness in 
various substances stems from the theory of fracture proposed by 
Griffith (12), in which the structure is considered to be saturated 


with minute cracks having random orientation and causing stress 
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concentrations of such magnitude as to account satisfactorily for 
the low strength and ductility. He further considered the effects 
of combined stress on this crack formation and arrived at a frac- 
ture criterion for combined stress in a completely brittle structure 
(no plastic flow), in which the fracture stress for compression was 
8 times the fracture stress in tension, a ratio observed for certain 
brittle substances. This analysis also predicted normal plane 
fractures in tension, and oblique fractures in compression as ob- 
served. 

The magnitude of the stress concentrations o varies 
the crack 


calculated stress concentrations of the 


urring 


size of Rowe and 


order of 600 


onsiderably dependent on the 
Gurney (13 
for glass, while Fisher (14 
(11 
sources of cracks 
ibout 3 

In the use of a brittle substance structurally the fracture con- 


explaining the tests of Grassi and 


Cornet on cast iron, assumes the graphite flakes to act as 


and to eause a stress-concentrating effect of 


More will be said of the theory of Fisher later 


ditions should be well understood because of the very low duc 


tility usually present. The failure of a brittle structure when 


overstressed is not preceded by any of the danger signals exhibited 


in an overstressed ductile material such irge 


ising failure should be known 


as local necking or 
deformations, so that the stresses « 
with some precision. This investigation deals with the problems 


of fracture of cast iron as a brittle material with the purpose of 


formulating some mechanism to explain the fracture phemonenon 


in brittle materials and to propose a satisfactory law for engineer- 


ing use 


EXPERIMENTAL PROGRAM 


Thee xperimental phase of this investigation was devoted to the 


determination of stresses and strains up to fracture as found from 
thin-walled 


chosen because of the simplicity in obtaining the various states of 


tubes of gray cast iron Tubular specimens were 


two-dimensional combined stress desired, because this type of 


specimen allowed the determination of the three principal strains 


stresses calculated fr 


independently, and because the 
applied loads depended only upon the equilibrium of the spe 


and were independent of material constants 


Gray cast iron was selected for the material to be investigated 


principally because it represented an important engineering 


vior was not well under 


whatever was learned re 


brittle material whose mechanical beh 
At the 
garding its behavior might be extrapolated to 


stood same time it w felt that 


upply to other 


brittle crystalline materials 


Che material was supplied in the form of bars 12 in. long and 2 


in. diam in an as-cast condition. The following chemical analysis 


was supplied: 3.08 per cent total ¢ cent Si, 0.56 mer it 


Mn, 0.112 per cent 8, 0.33 


204 per 


er cent P All bars were pourea from 


I 
! 


the same ladle, and as mur ire as possible was furnished by the 
I 


foundry 
Phe 


shown in Fig. 1 


toinsure uniformity 
machined into thin-walled tubular specimens as 
The internal surface 


finished with crocus cloth so as to « 


bars were 


was hone ie external 


surtace iminate a surlace 


irregularities. Three type of specimens were use Those with 


threaded ends were used for states of combined stress involving 


circumferential tension and longitudinal tension or compression 
Uniform cylindrical specimens were employed for tests involving 


both The 


cylinder (lower left specimen in Fig. 1), was first used but resulted 


circumferential and axial compression thin-walled 


in premature buckling, making it necessary to thicken the wall 
and shorten the length to a more satisfactory type (shown at the 
lower right in Fig. 1). Prior to test, each specimen was measured 
carefully for internal and external diameter, wall thickness, and 
bore eccentricity. In general, due to the careful machining, the 
wall thickness varied less than 0.001 in. throughout each tube 


Special grips which were constructed for an earlier investigation 





COFFIN—THE FLOW AND FRACTURE OF A 








22a 


BRITTLE MATERIAL 


2. Wi TWORTH 


1@ TPA 








| * 00S | 
200 


IAA 














SLCO7/ON A-A 














Fie. 1 


were modified to fit the cast-iron specimens to produce combined 
stress states of tension-tension and tension-compression. These 
are shown in Figs. 2 and 3. For the state of stress involving both 
axial and circumferential compression, external pressure was ap- 
plied to the specimen which rested on a hardened base onto which 
\ plunger fitting the upper 
Sealing was 


was fitted a thick-walled cylinder 
end of the cylinder supplied the longitudinal force 
accomplished by using neoprene 


ploded view of this equipment 


washers. Fig. 4 shows an ex- 


Axial force, either tension or compression up to a maximum 
value of 60,000 lb was produced by a Baldwin-Southwark Uni- 
versal hydraulic testing machine. Internal pressure was supplied 
by an Amsler pump and precision pendulum weighing system 
This unit has the particularly desirable feature of an adjustable 
full scale range of pressure from 300 psi to 17,000 psi in infinite 
steps. Thus it is possible to use and maintain simple pressure- 
load ratios such as 1:1, 10:1, ete., 
pump scale. This makes for simplicity in supplying the correct 
constant stress ratio to the specimen throughout the test. For 


by suitable adjustment of the 


tests of the thicker-walled compression-compression specimens 4 
similar Baldwin-Southwark machine of 200,000 Ib capacity was 
used to supply longitudinal force 

In order to study the strain and density behavior of the mate- 
rial, it was necessary to measure independently the three principal 
strains in the tube. In so far as it is known to the author, this is 
the first time the independent measurement of the three principal 
strains during the actual test has been achieved. In studies of 
ductile materials, generally two principal strains are measured, 
the third being calculated by the law of constancy of volume 
Since cast iron is not a ductile materia! and does not conform to a 
such a procedure cannot be used 


constant-volume law 


Litt ddddddhdhddetuhded/ tCittty 


lyPes oF 








Test Specimens 


The method finally decided upon to measure the principal 
strains depended upon the use of pairs of A-8, SR-4 resistance-wire 
strain gages cemented to the tube internally in the circumferential 
direction, and externally in the longitudinal and circumferential di- 
rections. By this procedure strains could be read up to fracture 
in most of the tubes tested since the gages would operate satis- 
factorily to strains of 20,000 x 10° ° in 
bly above the limit of fracture strains 
tion of the internal circumferential gages when acted upon by 


in. for most cases considera- 
The proper interpreta- 


pressure was the result of a considerable investigation which will 
be reported elsewhere (16). Initially an internal dilatation gage 
was investigated for the measurement of the internal tangential- 
strain readings, but was abandoned because of its inherent stiff- 
ness and inaccuracy for the more direct method of cementing gages 
to the internal-wall surface 

Knowing the internal and external circumferential strains, both 
the average radial strain and the average circumferential strain 


could be found since 


€rglo - €4, 


9] 
do a I 


[10] 


[11] 


where the bared values are average strains, the unbared values the 
measured strains, and where the subscript refers to the inside or 


outside of the tube 
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Fic OMPRESSION-COMPRESSION 


Each tube, when ready for test 


had six A-8 gages attached 
each in series for each strain to be Two additiona 


gages mounted on a separate piece of cast iron served as a dummy 


, two 


measured 


for the external gages, while two other gages mounted on cast iron 
and subjected to the oil pressure acted as a dummy for the in 


ternal gages. Lead wires from the internal gages were soldered to 


a three-prong connector which could be attached to a mating con- 
nector on the grips to which in turn were soldered lead wires to 


the outside properly se aled to resist the pressure 


Strains were 
measured by means of a SR- 4 portable strain indicator 
The procedure in those tests in which strains were measured 


consisted of measuring the three strains as the load on the tubs 


was increased by small increments (generally in 


about 1000 psi or les 


increments of 
of the largest stress As the strain values 
became large and plastic flow ensued, some creeping of the tub« 
was observed as the load was held fixed. In such cases sufficient 
time was allowed for the strain values to stabilize themselves so 
that during the time required to read gages there was negligible 
strain change. Strain readings could be taken directly to fracture 


the 


using the 


in most cases (except in compression-compression reg 


thin-walled 


internal-external 


Stresses were cal ted ordinary 
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pressure 
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except those which buckled or failed prematurely because of stress on this representation because of its small size. Complete strain 


concentrations caused by the rejected dilatation gage. Thisisa data were obtained on about 12 tubes over a wide range of com- 
two-dimensional representation of the axia] stress versus the tan- _ bined stress, using the technique just described 
Figs. 6 to 8 are included to show the appearance at fracture of 


gential stress. The radial stress (considered as acting on the mean 
These tubes cover a wide range of two-dimen- 


diameter where it is —p, 2 is not considered as having any bearing some of the tubes. 


Fia. 6 Fracturep Sprecimens Tension-Tension Recion 


ill 


FRACTURED Specimens TeENSION-CoMPRESSION REGION 
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a 


Fic. 8 


sional combined stress. It is seen from these figures that in the 
cases where tensile stresses are present, a brittle type of crack is 
formed normal to the direction of the largest of the tensile 
stresses 

In the case of equal two-dimensional tension, the fracture sur- 
face in the four specimens tested at this condition consisted of 
three cracks, one longitudinal, the other two in the form of op- 
positely directed spirals making angles of from 30 to 45 deg. It is 
suspected that this is a necessary type of crack compatible with 
complete energy release at fracture for equal biaxial tension. In 
the region of tension-compression, the maximum tensile stress 
causing the crack decreases as the amount of compressive stress at 
right angles increases. In the case of simple cempression, 
failure has occurred by buckling leading to !ongitudinal and 
transverse cracks. The balance of the specimens in the compres- 
sion-compression range behaved in this fashion, failing due to an 
instability rather than because of complete separation along some 
plane, 
plotted against the largest 


The tangential 


rhe three principal strains we 
principal stress and are included as Figs. 9 to 14, 
and axial stress-strain curves are very smooth, while the radial- 
strain curve shows considerable scatter. This of course is due to 
the inherent inaccuracy of the technique. Nevertheless, the data 
are sufficient to show with reasonable accuracy the magnitude of 
radial strain. For the tests carried out in simple compression and 
simple tension, Figs. 9 and 10, the radial strain was assumed to be 
equal to the tangential strain, and was not calculated by the 
method described. Tests conducted in the compression-compres- 
sion range were not investigated for the complete strain behavior 
and stress-strain curves have not been included. 

In Figs. 15 to 20 are plotted the largest principal stress versus 
the permanent volume change. It will be noted thatin all cases as 
vielding takes place, a permanent increase in volume occurs, even 
in the case of simple compression. The scatter in these curves is 
due of course to the seatter in the radial-strain data 

\ further experiment was performed to indicate the influence of 
eversal of stress on the ductility of cast iron. Here a stress-strain 
test was performed first in compression to a point where considera 
ble plastic strain had occurred, at which point the tube was un- 
loaded and then tested in tension. The results of this test are 
plotted in Fig. 21. Also included in this figure is the stress-strain 
curve for tension with no previous loading, superimposed on the 


marked difference in 


curves is shown, the 


tension curve following compression \ 
between these two 
both the 


strength and ductility 
stress 


increase fracture 
The corre sponding permanent 


previous compression acting te 


and the degree of plastic flow 


volume changes for both specimens are shown in Fig. 22, indicat 


ing « return to zero volume change and less volume change 


the tensior for the eyeled specimen 


region 
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Discussion oF R 


ULTS 


In order to interpret the results of the experiments this re- 


search it is desirable to consider first how the cast ir tested 


deviates from the ideally plastic material discussed in the “Intro- 
duction.”” This may be done best by comparing curves of effe« 

tive stress versus effective plastic strain for the varieus states of 
quite clear 


combined stress. Fig. 23 shows these curves. It is 
g 


that there is no tendency for a uniqueness of effective stress- 
ve strain curve and there is an especially wide divergence 
compression test 


It will be noted 


between the simple tension and the simple 

There are other features of interest in this figure 
that the plastic effective strain at fracture increases considerably 
as the degree of compression is incre used. In simple tension this 
fracture strain is about 2000 X 10~* in 


7, = —o, this strain has increased to 2900 X 10>*in 


per in. while for the case 
per in For 


effec- 


10~* in. per in. (the limit of the gages 


the specimen tested at a stress ratio o, = 2 o, the plasti 
tive strain reaches 6310 x 


Further, it should be noted that the biaxial compression speci- 


mens (¢, = 2o,and ¢, = o, re nea lowever, be- 


the same 


fore any conclusion is drawn from this fact it should be pointed 


out that the strain data for these two tests were incomplete and 
only the axial strains were recorded. Effective strains were calcu- 


lated assuming constancy of plastic volume and isotropy of flow, 


ssumptions suspected to be too far from the actual behavior 
of cast iron in this region 

The assumption of incompressibility of plastic deformation is 
in which a complete strair 


15 to 20 The compres- 


learly violated in all the specimens 


study was made. This is shown in Figs 


sion test comes closest. to satisfying such a criterion, undergoing 


negligible volume change until a compressive stress of 52,000 psi 
| 


is reached There is actually i slight decrease in volume at lower 


stresses and, as will be seen later, this is plausible, out should be 
investigated further before drawing definite conclusions. Cor 
52,000 


curred by the time a stress of ! 


strain is about 24,000 


siderable pl istic flow has o 
psi is reached, and, as seen from Fig. 10, this 
x 10~* in. per in 
lo emphasize further the bre g down in plastic volume 
ympressibility, Fig. 24 has been prepared, in which is shown th 
plastic Poisson’s ratio he effective stress qu 


versus 


oy* (to be defined later) for simple tension and simple compres- 


Here 


sion 


where the strain quantities are plastic strains 
between the two tests is quite I iarked, the te 
eeding 0.12 while the compre 


higher stress values. This trend 
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in both 
rial these quantities should at all times be 


crease in plastic volume tension and compression. For 
the ideally plastic mate 
0.5 
To understand the peculiarities of cast iron and to establish a 
criterion for its behavior under stress, its metallurgical structure 
A photomicrograph of the cast iron tested 


The 


1 iron 


should be considered 
reveals a hypoeutectoid cast iron with a pearlitic matrix 


vearlite is medium to medium coarse and small amounts 


AND FRACTURE OF 


A BRITTLE MATERIAL 





fa 24 

. 

% VS o 
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. 
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The graphite flakes are ran- 


domly oriented with a length to thickness ratio about 12 to 1 


iron phosphide eutectic are present 
There is some enlargement of the ipparent flake size due to the 
graphite flakes being torn out during the polishing and the pits en- 
larged. Classification of the flake size and distribution under the 


proposed Mahin-Hamilton classification is as follows: 


No. 4 
Type A Random orientatior 
The ASTM 

probably No. 35 


Fiakes ! n. to 1 in. length at 100 magnification 
of flakes uniformly distributed 


classification in view of the physical proper 


The presence of gr iphite in 4 pearitic Matrix sug the 
bility that the graphite acts to produce a dispersion of crac 


This con 


in inte rpreting the tests of Grassi ar 


pt is adopted | 
i Cornet (11 n 


tributed throughout the structure 
Fisher (14 
the fracture of cast iron under combined stress. He assumes tl 
the graphite plates can transmit compression without a str 
raising effect, while in tension the plate acts as an internal notch 


Under states of combined stress the distortion *entenon 1s 


assumed to apply at the edge of the notch, leading to the resulting 


i +} 


equations for the initiation of plastic flow cepending upon r 


stress ratio 


for tension-tension, and 


V (ke;)* (ka, eo t (o 
for tension-compression, where a, is the tensik 


pressive stress, and for compression-compression 


V o,? O10 
In applying the foregoing relations to the tests of Grassi and 
Cornet for fracture, he assumed that their fracture data could be 
compared with these relations for initiation of plastic flow. He 


then could evaluate the constants ¢* and k and obtain a fairly 


good fit of Grassi and Cornet’s data. It might be pointed out 
here that the tests of Grassi and Cornet are markedly similar to 
the fracture data of this paper as seen in Fig. 5 

flow 


Fisher’s hypothesis was that plasti no matter how small, 


preceded fracture, and Grassi and Cornet’s tests were used to 
i'lustrate this 


diagrams, considerable plastic flow of a definitely large-s« Lie 


Howe ver, as is seen from the various stress-strain 
nature occurs in cast iron prior to fracture for all states of biaxial 
stress. Hence the correlation of a plastic-flow condition to 
ture data is necessarily incompatible 

For example, the fracture stress in tension averaged about 33,000 
psi, that in compression about 100,000 psi, giving a ratio of about 
and taking 


3 to 1 of compression to tensior teferring to Fig. 23 
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an effective strain of 2000 * 10~* in./in., 
identical with the effective stress for this stress ratio) is 54,500 


the compressive stress 


psi, While the tensile stress for this same effective strain is 33,000, 
Hence the flow and fracture con- 

Nevertheless, the 
Fisher's theory are quite useful in the hypothesis for flow and frac- 


giving a ratio of stress of 1.65 
ditions are not comparable concepts of 
ture proposed in this paper 

Considering again the point of view that the graphite plates in 
east iron are sources of stress raisers acting in a similar fashion to 
the fine cracks found in glass, the assumption is made here that 


These 


stresses are thought of as being tensile in nature and act in a direc- 


there are residual stresses acting at the edges of the plates 
tion norma! to the plate Transverse stresses are also likely to be 
present However, these are assumed to be small and are not in- 
cluded because of the additional complexity, There would seem 
to be a sound physical explanation for the presence of the stresses, 
a tendency for the graphite plates to be 


inasmuch as there is 


formed before the iron phase has solidified. Upon solidification, 
there is a considerable difference in the coefficients of thermal ex- 
0.119 K 10-* per deg C) and that of the 


<x 10~* per deg C 


pansion of the iron 
0.06 
icts to compress the graphite plates, leading to a residual tensile 


graphite Hence, in cooling, the iron 


stress at the edges of the plates. Other metallurgical explanations 


TENSION - 
SIDE VIEW 


g, 
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might be offered as to the nature of the surface forces between the 
graphite and iron; however, the concept of the difference in 
thermal expansions during cooling appears to be the most satis- 
factory. 

Assuming now that the presence of the graphite plates acts to 
cause a stress-raising effect on the parent structure, it is felt that 
for initia] flow the stress-raising effect is present for both tension 
and compression stresses normal to the plate. Yielding in com- 
pression, due to stresses normal to the plate, cannot occur to any 
great extent because of the compacting of the graphite, but for 
initial flow it is assumed that the graphite offers very little re- 
sistance Because of the condition of internal stress, the graphite 
is under a state of compression initially and with additional com- 
pression due to stress it is thought to be compacted Fig. 16 
showing the permanent volume change in simple compression, 
This 
for the graphite will 


shows this tendency in the early stages of plastic flow 


process cannot continue for long, obviously 
soon begin to carry a full share of the normal stress as this stress 
is Increased 


The state of applied stress plays an important role on the 


stress condition at the edge of the graphite plate For the 
present discussion the distortion-energy criterion, Equatior 2 


is assumed as the law of vielding of the iron matrix The state 
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of stress at the edge of plates normal to both principal stress 
directions is examined. The region where both principal stresses 
ire tensile will be considered 

the stresses at the edge of a 


Referring to Fig. 25, if a, > a 
graphite plate normal to o; has the edge stresses k a; + ao in the 


Here k is the stress-concentration factor due to the 
At point A in the 


-direction 
plate, and oo is the edge residual tensile stress. 
plan view of the plate, there is a tensile stress a» ,while at B, be- 
cause of the presence of the plate, there is no transverse stress 
For the flow of the metal, the greatest effective stress applies, and 


this will be at B, giving 


o 16 


where oy* is the notch effective stress. Plates located normal to 
the 2-direction will have a lower effective stress as long as a; > ¢ 
When the state of stress is tension-compression, the plates nor- 
When the 
plate is normal to the 1-direction, the notch-edge stress is k a, + 
while the 
the greatest ¢ fective 


mal] to both principal directions must be considered 


oo (considering stresses to be algebrai transverse 
ind a; at D 


urs at D and this is 


stress is 0 at C Consequently 


stress now Océ 


oy*® = VO t @o)* oe o:)* 17 


ising the distortion-energy theory. When the plate is lo« 


itest offk ctive 


normal to the 2-dire 


stress Is 


tion the gr 


oy* = Va? ; 2 + oo) is 


Whether Equation [17] or [18] is the flow criterion depends upon 
the magnitudes of @, and oa 
When the state of stress is 


terion for initial flow is identical with that of tension- 


compression-compression, the cri- 


ind 


ension 


Equation [16] is operative 


Graphical representation of the foregoing relations are shown in 


Fig. 26. Here / 3 and oo = 30,000 psi. Equations [17] and 


























1S! are ellipses which wher plotted appear symmetru il with re- 
The flow cri- 


would be that curve as 


spect to a line 45 deg to the o, and a, co-ordinates 


terion by the distortion-energy theory 


given by Equations [16] to [18] for the least stresses in any 
quadrant. 

Because of the number and complexity of the equations given 
flow at the edge of the 
established if the 


by the distortion-energy theory for 


plates, a simpler criterion can be 


graphite 
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maximum-shear law is applied to represent this flow. By this 


law, flow at the edge of graphite plates is governed by the al 
the | 


stresses sige 
) at this point 


ference between maximum and minimum 


braically hence 


Tn 


where omax is considered as the stress normal to the plate te 
ferring again to Fig. 25, where the region is tension-tension or 
compression-compression, max = o OF oz Whichever is numerically 
the larger and gmin = 0. Hence for these two regions the disto 

tion-energy theory and the maximum-shear theory are identical us 
When the region is tension 


regards flow at the edge of the plate 


compression, tw equations exist de pending on whether ¢ Is 


} 


larger ] 


numerically or smaller than @ These are 


) 
«! 


Therefore the flow conditions at the plat » the maximum 


shear theory are given by Equations {16}, |20), or [21] depending 


on the state of biaxial stress. Gr sphically these equations form 
an eight-sided figure in a two-dimensional stress representation 
which is shown by the heavy line in Fig. 26, In the tension 
compression z®ne, when tension predominates, the flow criterion 
is established at the edge of the plate normal to the tensile stress 
For stress conditions when compression is considerably in excess 
of tension, the flow criterion is established by vielding at the edge 
of plates normal] to the compressive stress 

Various states 


2000 « 10 * 


The fit of the maximum-shear theory for flow at the 


Included in Fig. 26 are experimental points for 
of combined stress taken for an effective strain of 
in. per in 
ilthough ther 
This de 


viation is plausible since at this strain the graphite plat 


gi iphite-pl ite edge is quite good for all cases 


some deviation in the « ompression-compression region 


definitely transmitting compression and the hypothesi 
what in error 

In order to observe whether this criterion 

itisfaetory for all ranges of strain to failure 


ill the 


vestigated is Fig. 27 It is seen that 


«* have been computed for ranges of 


Fig. 23 there 


here 


whereas 
10 uniqueness of effective stress-effective strait 


f notch effective 


of specimen C-7, for th 


stress-eff 


UNIqUeness ¢ 


the exceptior 


ranging from SOO x 10°* in 
there is a variation 
a dashed line This 


slized strean-atrair 


2e(c) at effective strains 
2400 x 10°* in 


mean curve 


peru 


per in ibout 5 per cet 


from the lrawn as mean curve 


may then be considered as a gener irve lor 
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combined stress, and analysis of plastic flow in cast iron is ther 
possible. 

The fit is of course not exact, but within the limits of engineer- 
ing design and mathematical analysis it is completely satisfactory 
The compression-compression zone gives some deviation from the 
curve ay* = f(e*), and this already has been explained. If large 
strains are to be examined in the compression-compression regior 
the conventional effective 
This has 


more accuracy may be obtained il 
stress is used, rather than the notch effective stress 
been shown in Fig. 19 for the three tests; o, = 0(c),¢, = 2¢,(c), 
and o, = a, (« Additional scatter is had in the early stages of 
flow, again attributed primarily to the compression-compression 
specimens. This is not considered as serious because of the in- 
accuracies in the plastic-strain values for initial flow 

Having obtained a generalized stress-strain law for gray cast 
iron, the next step to aid in the analysis of cast iron is to formulat« 


Be- 


‘ause of the complexity of the plastic Poisson's ratio, the relation- 


a generalized Hooke’s law for plastic as well as elastic strains 


ships will not be as simple as those applving to a ductile material 
It is assumed in this derivation that the stresses act linearly in 
their influence on the strains and that there exist two distinct 
Poisson's ratios for plastic strains, one for tensile stresses, the 
other for compressive stresses, their magnitude being found from a 
simple tension test or a simple compression test having the same 
notch effective stress as the state of stress under investigation 
With these assumptions, the following analysis is derived: 

For a two-dimensional stress system the plastic portion of the 


total strains is assumed to be expressed in terms of the stresses as 


Vp. 


where A is a variable coefficient depending on the degree of flow 
vp is the plastic Poisson's ratio depending on the sense of o,, and 

is the plastic Poisson's ratio depending on the sense of @ 
Substituting Equation [22] into the definition fer effective strain 


125) 


ind noting that 


term 1 + tor simplicity 


effecti a8 


» bracketed 


is the ordinary Equation [25] be- 


Finally 
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are determined from the notch effective 


The 
stress for the state of stress acting, and either the tensile or com- 


values of vp, and », 
pressive values are used, depending upon the sign of «, and o 
The numerical values of the plastic Poisson's ratio are determined 
For any particular set of stresses ¢ 
{20}, 
Term 


graphically using Fig. 24 
ilculated from Equations [16] 
is obtained from Fig. 27. 


and o, the quantity oy* is « 


or [21], and using this value e* 
o* is readily calculated since it is the ordinary effective stress 
The plastic strains given by Equations [28] are hence found. To 
these added the elastic strains or 


strains must be 


Ee 
Re 
Ke, 


I juations [28 


calculated strains for the | n : a, were ob 


tained and plotted on Figs. 11 mean curve in Fig. 27 


was used for these calculations een that agreement in 
all cases is very good 

To determine the constants & and oo in I {16}, [20], and 
21), a 3 is assumed. From the 
data, if we chose a plastic effective strain of e* = 2000 X 10~* in 
per in. the axial stress from the tension test is 33,000 psi; that of 


the compressive test is 53,000 psi. Ther from I quation [16] in 


uations 


stress-concentration factor of 


tensor 


53,000 159,000 


and the 
is 129,000 


I quating 
notch effective 
There 


entration factor of 3, despite the slenderness of the graphit« 


» find that a = 30,000 psi 
2000 « 10 in 


stress for = 


per in 


psi appears to be good justification (17, 18) for a stress 


flakes. With such sharp notches, some microplastie flow occur 


or very low stresses which acts to reduce any higher stress- 
Hence the value / 
Materials 


values of 


centrating effects to this lower value 


actuall i pl istic stress-concentration factor 


with finely dispersed eracks have very high 
Rowe (13) determined 


r of 600 for glass] 


glass 


Gurney and stress 


oncentration ft 


do not have a crystalline struc 


undergo 


+e! 
brittle 


a slip process at the edge of the 


fashion with no plastic flow, regar 
stress values. Cryst 
because the 
and the 


der o 


dges 


The volume increase with plastic flow for cast iron regar 


of the explained by the 


stress ratio is quite satisfactoril preset 
of gr iphite flakes The flow process at the flake edge causes ar 


cross the flake is tensior 


opening up of the crack when the stress 
Wher 


closed up « 


simple compression exists, flakes norma] to the stress are 


iusing an initial decrease in volume, but as the flow 
continues, flakes oriented in the direction of the stress are opened 
This excess 
»w is reflected in the plastic Poisson’s ratio for compres 


Fig. 24. It is that this 


by the flow and the volume is increased 


lateral 
lateral fi 


s101 felt plas 


lume increase 
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characteristic of many brittle crystalline substances and is a re- 
sult of the distribution of fine cracks throughout the structure. A 
ductile material does not have this distribution of cracks and 
flow occurs in the absence of plastic volume change 

The problem of fracture is indicated to be directly associated 
With 
this point of view, fracture can be thought of as being the limit of 
A failure criterion is 
It is pro- 


with the degree of opening of the cracks in the structure 


the flow process at the edge of the cracks 
then possible with the aid ot the foregoing analysis 
posed that failure will occur when a limiting energy of distortion 
This 


however, the mechanism is quite 


is reached at the edge of the graphite flakes. “ondition is 
similar to that of Fisher (14 
different. If one assumes that there is a limiting notch effective 
stress at the edge of the crack, then, in the tension-tension region 
this stress occurs at the edge of plates normal to the direction of 
the maximum tensile stress, and failure occurs normal to this 
Fig. 6. Further the 


stress as is indicated experimentally in 


criterion for fracture in this region is 


2 
32 


as explained earlier. This condition is identical with the maxi- 


mum-stress theory of Rankine. Here ey,* is a constant depend- 
ing on the type of cast iron 

In the region of tension-compression, plates oriented normal to 
the direction of compressive stress would be con pacted during 
flow, and the notch effective stress would be reduced gradually to 
the ordinary effective stress away from the plate. Hence, since 
the greatest crack opening would occur for plates parallel to the 
direction of compression and normal to the direction of tension, 
the effective stress acting at the edge of these plates is critical 
Hence in the tension-compression region (except for simple com- 
pression ) failure occurs along a plane composed of these cracks or 
normal to the direction of the tensile stress. The fracture criterion 
would then be 


Vv 


ag 


where o, is the tensile stress, a. the compressivs 

At this point examination ol the foregoing critena with frac- 
Using for criteria 
[-quations [32] and [33] values of k = 3 and 30,000 as ob 


tained from the flow tests in simple tension and compression, it is 


ture data is in order. This is done in Fig. 5 


seen that an extremely good fit is to be had with the various frac 

ture points in the tension-tension and the tension-compression 
region. That the same constants give a good fit with the flow 
data as well as with the fracture data seem to place considerable 
emphasis on the validity of this form of analysis. The mechanism 
of a critical notch effective stress explains not only the mode of 
fracture in these regions but also analytically determines 
the fracture stresses 

the 


region is not explained as satisfactorily. 


The mechanism for fracture in compression-compression 

In this zone, fracture is 
observed to occur obliquely, consequently the opening of cracks 
parallel to the plane of the maximum compressive stress is not the 
cause of failure, but rather is due to some criterion along an 
oblique plane 
velope 19 


f a material are determined by the stresses in the planes of slip 


This suggests the hypothesis of the Mohr en- 
In this theory the elastic jimit and ultimate strength 
and of fracture. Further, the shearing stress in the planes of 
slip reaches at the limit a maximum value dependent on the normal 
stress acting on the same planes and on the properties of the 
material. J} ‘nce for fracture, the shearing stress on the fracture 
plane can be represented as some function of the normal stress on 
This by the 
largest Mohr’s circle for each stress ratio at fracture and drawing 
Ros and Eichin- 


this plane function is established 


constructing 


the curve which is the envelope of these circles 
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Fia. 29 
have substentiated this criterion 
How- 


onditions there were quite different from the com 


ger in their tests on cast rron (4 
for compression tests with an external hydrostatic pressure 
ever, the stress « 
pression-compression tests ol this paper 

In Fig. 28 is plotted the Mohr’s circles for various tests in the 
compression-compression region, and the absence of any envelop» 


the Mohr hy pothesis 


Further, the Mohr envelope is not substantiated in the tension 


is noted. Consequently is not valid 
tension region or the tension-compression region since it does not 
predict the correct plane of failure 

The tests of Ros and Eichinger, however, give a result which 
seems to be of considerable application. By plotting the shearing 
stress on the octahedral plane, T, against the average stress o 
for the compression regions, a linear relation between the two was 
formed. A similar plot for the present data has been made and it 
the 


As a result the hypothesis 


will be seen Fig. 29, that a linearity also exists for 


pre 


com- 


ompression tests 


o* + yuo, = K (34 


e* 


seems to exist Since 13 equal to a constant times the octa- 
hedral shearing stress, Equation [34] can be interpreted as stating 
that when a critical shearing stress is reached on the octahedral 
plane, failure occurs. This shearing stress is equal to the alge- 
braic sum of the octahedral shearing stress and an opposing shear- 
ing stress due to the frictional effects of the normal etress to this 
s th As the 


comes more nearly hydrostatic in compression ¢, becomes large 


plane which iverage stress o state of stress be- 


negatively) in the relation to ¢* and failure cannot take place 
until extremely large stresses have been reached This is con- 
1¢ 

When Equation [34] is applied to the present tests, as shown in 


sistent with Bridgman’s results 
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found. This criterion, when 
the 


In plotting this ellipse in Fig. 5, the 


Fig. 5, a reasonable agreen 


plotted, is an ellipse; howe er, only ‘ompression-compression 


quadrant is of interest con- 
stants w« = 0.51, and K = 88,000 psi were used 


’ 
r fracture is 


shown in Fig. 30 ind 
34] are shown, the solid line being the actual fracture criterion 
the dashed line representing the balance of the various ellipses 
32] is plotted giving two 


The complete two-dimensional stress criterion for 
The complete ellipses for Equations 33 


In the tension-tension region Equation 
straight lines intersecting at right angles 
By combining the flow criterion with the fractur 
done in Fig. 31, the degree of plastic flow prior to fracture may be 
For each notch effective stress (in steps of 30,000 psi 
16], [20!, and [2 
The fracture 


criterion as 1s 
observed 
the flow criterion is plotted using Equations 
These are the solid and dashed lightweight lines 
Whenever the flow curve 
and the effective stress 


is well as the stresses causing this fracture are found 


line is shown as the heavy curved line 


crosses the fracture curve, failure occurs 
Using Fig. 27, the effective strain can then be found, and this 


indication of fracture ductility. It will be 


value can serve as a! 
seen that in the tension-tension region, the ductility for frac 
In the tension- 


is the same regardless of the stress ratio 


the ductility at fracture 


ture 
compression region increases (because 


as the combined stress becomes more and more 
Finally 


large effective stresses and hence 


oy* increases) 
ompression-compression region very 
fracture 


compressive in the « 


verv large values for 


ductility oecur. It may be stated as a general criterion that 


the greater the average stress (o, + o2 + ¢;)/3 compressively, the 


greater the fracture ductility Phis is substantiated by the work 


Bridgman on high-pressure effects on brittle materials wit! 


iperimposed tension or compression 


Finally 
ing following a compression loading, as shown in Figs. 21 and 22 


1 discussion of the interesting results of a tensile load 


It is seen here that the previous compression load- 
70,000 psi has increased the fracture stress 
obtained from a 


Is Necessary 


g up to a stress of 
ind the fracture ductility over that specimet 


It is felt that this phenomenon may !« 
light of the 


with no previous loading 
explained adequately in the stress-concentrating 
effects due to the graphite flakes 

When a compression specimen is deformed by the hypothesis of 
this paper, flow first occurs at the edges of graphite plates normal 
to the direction of cor spression due to the stress-concentrating 
(As flow continues, these cracks are com- 

the cracks parallel to the directior 


effects of the erack 


pacted and closed wi 
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FIG 3 wet 

i br 

ee ame= 
“= uc 


level 70,000 ps 


stress open up At a stress 
entire pearlite matrix has yielded and, as a result 

of internal stress in the material has become quite uniform. The 
omplete lv reheve d 


initial residual stress oo, therefore, has been « 


Hence 
loading direction are without residual stress 
tension, therefore, the cracks due to the graphite flakes should 1 


when the specimen is unloaded, the icks normal to the 


During loading 


open up until a higher stress value is reached and failure should be 


caused by a higher applied stress. That this is the case Is seen 
from Figs. 21 and 22. The theoretical fracture stre n tensiol 


32] should be, in the 
Phe a 


of the stress-strain 


from Equation ibsence 
120,000, 3 13,000 psi 
Phe slope 
those of 
viously the Baus 
effect in the pearlitic matrix o same effe 
J all o luctile metals. Of 


ound inn steel and a 


8s conside 


following 


compression 


undeformed tensior 


further 


terest is the fact that for unloading 
onsiderablyv higher lan the compre 
‘sts, indicating a general co wet of the structure due 


the compressior 
The permanent vol 
The characteristic 


luring unloading the 


ume 

INnCcTeASE 
served, while 
would expe 


quite ITloOUs 81 e one 


luring unloading However h 


odu ver t loading modulus 





COFFIN—THE FLOW AND FRAC 
Dur- 
ing the loading, the elastic strains gave a modulus of elasticity of 
BE = 15.67 x 0.248. The 
measured values of £ and » during unloading from Fig. 18 change 
to 19 & 10® psi and 0.34 
that cracks, which open up when loading, are again closed during 


and unloading of Poisson's ratio can account for this effect 
10 psi and a Poisson’s ratio of y = 
It would appear from this behavior 


unloading, leaving the net volume change very small when the 


stress has been reduced to zero. This interesting fact should be 
investigated for other stress ratios 
Because of the change in elastic constants during unloading the 


the difference 


volume change and elastic volume change using initial elastic con- 


concept of plastic volume change between total 


stants) loses some of its significance. The total volume chang: 
during compressive loading and unloading seems to have greater 
practical value in studying the size change. Fig. 32 is included to 
show this effect for two compression tests. It is interesting to ob- 
serve the sudden reversal in total volume decrease (due to elastic 


effects » and the flakes parallel to the 


direction of Further, the change in the slope of 


is plastic flow takes pla 
stress open up 
the unloading curve over that of the initial loading curve has 
} 


rkedlv, which is indicative of the change in un- 


is that due to flow 


decreased ma 


loading elastic const The inference here 


Cracks normal to the 


ants 
the geometry of the crack shape has changed 
been closed, causing a stiffer structure ir 


stress direction have 


the direction of stress, while cracks parallel to the stress have 


opened up ising a decrease in lateral stiffness 
CONCLUSIONS 
the experimental investigation and discussior 
this research program, the following conclusion 
may be dra 
1 The conver 
for plastic flow of ductile metals cannot be applied to a britth 


tional mathematical relationships established 


gray cast iron There Is no uniqueness in the 
effective 
Phe material is quite dissimilar in its 
The law of 


or plastic flow is violated for all states of 


material such as 
offer tive 


states of combined swess 


strain e«* relationship for various 


stress o”* 


reaction to stress in tension and compression tests. 


constancy Of volun 


combined stress examined, and the plastic Poisson's number is 


considerably less than for tension, greater than for com- 


pression 
2 The struct 


in a pearlitic matrix may be considered as a ductile material with 


ire of gray cast iron, consisting of graphite flake 
a random dispersion of fine cracks. From this point of view, flow 


and fracture may be considered to be governed by the mechanism 


for flow and fracture at the edge of the graphite flakes 
3 By assuming the graphite flakes to be in a state of residua 
at the 


i direction normal to the plane of the flake 


compression, there re sults a tensile stress sharp corner ot 


the crack i Upon 


the applicatior ot external stress, stress concentratpons are caused 


by the sharp cracks 
4 Althougt 


initial 


considerably higher stress concentration may 


this 


exist flow occurs at the crack edge 
factor 1s reduced t 


, Flow 


can be determined on the basis of a notch effective stress ay *, the 


under any two-dimensional state of combined stress 


basis of which is the maximum shearing stress occurring in the 


metal at the wk edge. For predomin intly tensile stresses, the 


critical flakes are those normal to the direction of maximum ten- 


sile stress For states of stress predominant], compressive, tne 


At’ ire 
This 
tions {16}, |20). and [21 


6 Witl 


strain choser il 


critical fi normal to the direction of the I: rgest compres- 


riterion is expressed mathematically as Equa- 


<tress-concentration factor of 3 and for an effective 
2000 X 10°-* in. per in. the 
ch is 30,000 ps With these 


residual tensile: 


at the values, and | qu 


stress 
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BRITTLE MATERIAL 


trons 


16), (20), and 


versus e* may be constructed for al] 


21), a generalized stress-strain curve oy* 
states of two-dimensional 
stress. Experiments on tubes under combined stress in which 
the three principal strains were measured independently are 
shown to give an extremely good verification of this concept of 
notch vielding 

7 In the 


theory with experiment is not quite as good for large strains, be- 


Fig. 27 shows the comparison 
compression-compression region, agreement of the 
cause of the compacting of the plates normal to the compressive 
stress, and the consequent reduction in the stress-concentration 


effect 


S On the basis of the uniqueness of the notch effective stress 


effective strain relationship, a generalized Hooke’s law for plastic 


strains in gray cast iron can be written in which the strains are 
ussumed to be linear functions of the stresses, and where two 
Poisson's ratios exist, one for tensile stresses, the other for com- 
The total strains are found by including the 
The 


measured strain values was found to be quite good 


pressive stresses 


elastic strains comparison of calculated strains with 


9% The concept of flow at the edge of cracks in gray cast iron 
serves as a satisfactory mechanism for the occurrence of volume 


For ten 
for com- 


increase under the states of combined stress examined 
stle stress, cracks normal to the direction of stress open 
pressive stress, cracks parallel to the direction of stress open so 
that in all cases of stress (except hydrostatic pressure) there is 
volume increase for plastic flow 

10 In the 


gions, fracture occurs when a critical effective stress is reached at 


tension-tension and the tension-compression re- 


the edge of the graphite flakes. This critical stress is found on the 
basis of the distortion-energy criterion and can be formulated 
t 32] and [33 


mathematical! The same 
constants & and oe are used as those which appeared in the flow 


y as seen in Equations 
relationships. Very good agreement with experimentally found 
fracture stresses is obtained as is seen in Fig. 5 

1! The mechanism of a limiting-flow value for fracture at the 
rack edge satisfactorily explains the fracture surface obtained in 
the tension-tension and tension-compression region, Except for 
the region in close proximity to pure compression, fracture occurs 
tlong planes normal to the direction of the largest tensile stress 
These pl ines also contain the cracks which open up the most and 
can reach the critical effective stress for failure 
12. The Mohr envelope criterion for fracture of gray cast iron 


In the 


it does not predict the correct fracture surface In 


is not satisfactory tension-tension and tension-compres- 


sion regions 
the compression-compression region, the influence of the mean 
stress is clearly indicated 
Mohr 
found not to be the case 


i3 <A 


region can be established based on 


Whereas the Mohr envelope predic tsa 


single cirele for two-dimensional compression, such was 


eriterion for frac ture im the COM pPression-COMPpression 
i: critical shearing stress along 
the octahedral plane which depends both on the octahedral shear 
ing stress and a frictional shearing stress proportional to the nor 
mal stress on the octahedral plane Since the normal stress on thy 


octahedra plane is the average stress, the average stress has a 


direct bearing on fracture Mathematical formulation of this 
criterion is given in Equation [34 

14 Increasing ductility as the compression-compression region 
is approached is explained satisfactorily by the foregoing mecha 


nisms of flow and fracture Greater notch effective stresses can b 


maintained prior to fracture as the compression-compression r+ 
gion is approached, hence greater ductility 

15 Tension characteristics of cast iron when preceded by com 
altered The 


snd the ductility for fracture is increased 


pression, are consider ably fracture streas is in 
reased by 
by 5O per cent 


rot 


10 per cent 


This phenomenon can be explained by th 


residual tensile stress at the rack edges for plates 
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normal to the stress direction during compression loading, with 
the accompanying improvement in tension properties. 

16 During unloading from plastic compression, cast iron has 
an increased modulus of elasticity and Poisson’s ratio. The result 
is that when the stress is removed, the net volume change is very 
small. The plastic flow has changed the geometry of the crack 
shape to one which is stiffer in the direction of stress (because of 
the compacting of cracks normal to this direction), and less stiff 
laterally (because of the opening of cracks parallel to the stress 
direction ) 
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Recently, an increasing use has been made of the matrix- relative amplitude of the ith element in rth 


iteration method for determining mode shapes and fre- ne 


le 
wile 


quencies, particularly with regard to dynamic problems , matrix whose fundamental mode is rth mode 
in aircraft design. Its particular advantage is the relative sweeping® matrix derived from results of rth mode 
ease with which it handles complex discontinuous struc- ‘ modified sweeping matrix containing only last row of 
tures whose elastic properties can be defined adequately ; 


only in terms of influence coefficients. The disadvantage 


of tedious calculations has been alleviated greatly by an 
“acceleration method” for convergence which has been 


described by Isakson.? The predominant disadvantage 
= ° car ° INTRODUCTION 
to matrix iteration, however, has been the difficulty in 

rmunng vibrat 


obtaining mode shapes and frequencies higher than the roblem of dete 


fundamental. The purpose of this paper is to establish a quet wavs be reduced to the 
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technique for accomplishing this in a manner that is prac- 
tical for use in industry, as proved by its successful appli- 
cation to many problems of this type in the Aero-Elastic 
and Structures Research Laboratory at the Massachusetts 


Institute of Technology. This is accomplished by ap- 


»lving a device worked out by L. A. Pipes,’ and extendin 
y ‘ I ~ 


it to the general case, at the same time organizing the 


computations in tabular form. Only a basic knowledge - 
. . . . couphng 
of matrix notation and dynamic systems is necessary to 
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understand this development, and this can be obtained z 
easily by a review of von Karman and Biot’s work‘ on this ; s 
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However, a saving in effort is attained by forming an abbre- 
the rthrow. These will 


viated matrix using only one row of A,, ir 
In every other row, 


be the elements given by Equation [12 
i elsewhere This 


is placed on the diagonal with zeros 


unity 
matrix is multiplied by the previous 


sweeping matrix of the 
the same results as Equation [14 Fo 


mode to give identically 
t three modes of a five-degree-ol- 


example, in sweeping the firs 
reedom system, the second mode sweeping matrix can be com- 


bined with the results of Equation [12] in the following manner 


rhe elements of this result can be seen to be the same as would 
be given by Equation 14). Therefore the procedure to follow 
is to use the abbreviated sweeping matrix containing only the 
row K,,; and to multiply it by the [D,,] matrix from which 
ill previous modes have been swept and which was used to 
determine the rth mode 


Consequently, the following 


D i bD 


Cueck MeTHOD POR SWEEPING OPERATION 


It is desirable to have a means of checking the computations 


performed in carrying out the functions of determining the sweep- 


tants without having to resort to the use of two com- 


ing cons 
A checking method is derived 


puters working independently 


for this purpose, which can be adapted readily to the tables de- 


rived from Equations {12] and (14 
For the rth mode, the ! 


s given in Equations [3 E-quatior 
» form 


ormulas produced equations 


Ar value which satisfies these eq 
Equations [3]. Therefore arbitraril 


1, equal unity, and evaluate A, to 


5S, FREQUENCIES ABOVE THE FUNDAMENTAI 


Substituting these 


equation 


This form is ver 


i column separate mm #3, 4 


B, are listed in 
The sum of the latter B, can then be lists 


for Use 


he nght-hand + 


bulated 


bottom of their column 
Phe Ay,;, Aa;, ete 


their sums at the bott 


SWEEPIN 


and 2), giving eact 
lormed in obtaining 
column itself by the literal 
lumn by number 
col mn should be trenute 
ited by the numbers 
Since sweeping modes trot 


stem 


part of the process of solving a 
requencies, accuracy becomes important 
rge numbers are encountered, care must 
hgures a8 are necessary to give 


{ significant figures to which 


lapted fo 
© right. Ther 
r these 
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SWEEPING CONSTANTS FOR FIRST FOUR MODES 


ip for five degrees of freedom.) 
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TABLE 2 TABLE FOR FINDING SWEEPING CONSTANTS FOR FIFTH MODI 


Fifth Mode 
©|eO 
BS” x Ks, 
KB, 
“ Ka. | Ks2Bs 
B, o& 


«) «9 
6 Kye 


z x? z hwy z x‘? 
Check Equation- Bis m4 “ 5 ae ‘ ais Kes af’s Ki ? 


the sweeping tables are used for the latter situation, and each 


operation will be explained to show how it corresponds to the 


oper 
to a simple rule, however. This is, that the most desirable 


tion indicated by the table The technique ean be reduced 


arrangement is to make the row of K,, as small as possible, 
which is accomplished by inserting the largest B into the first 
column of the table for each mode 

In this example, a fourteen degree-of-freedom system derived 
from the properties of a full-size airplane wing, the method by 
which the modal columns are found will not be shown, but wil 
be assumed to have been calculated by a standard iteration pro- 
cedure. The determination of the B; by Equations |3) is also 
wssumed to have been carried out, since the primary interes 
here is the method of using these quantities in the table. There 
fore let us assume that the first mode and the associated B, 
have been determined. They are now tabulated as in Table 3, 92.9119 3.203064 
the largest B being placed in column ©, rather than B, 

As desired, all the Ke are less than unity, and since B,'” was 
put into column (@, the row A«‘” is placed in row six of the sweep- becomes a more complicated process lhe first step is to fill out 


y matrix, reducing column six of (D, to zero and resulting column B® being entered first in the sixth position, This 
dD Iteration is now applied to this matrix to quantity actually performs the function that is indicated | 

modal column B,® in the standard table, since B was used to perform the 
ts to fill out the ““Third Mode” table (Table 4 function of B in the ‘First Mode” table. B, s now placed in 
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TABLE 4 


1) 
Third Mode B, Py 


© 


check Fquation- 


frow position ¥ 


r than B,° nee it is the largest of the 
remaining B, are now placed in their proper 

The Kg 
entered in regular order, except that Ags 


block nine 


lating Oper 


column 4 it lie remain- 


ing elements The 
position in column from the previous mode are then 
is transferred from 


The caleu 


ations are carried out as indicated in the stendard table 


to six so that it multiplies the correct B. 


giving numerical results as in Table 4 
Phe constants Ag, 
the modified sweeping matrix [|S 


Db whiel 


resulting from this table go into row nine 
which multiplies |D 


third modal column 


converges to the 


wher or pplied to it rhe values B,; ire then deter- 
mined 
ing the constants 


ind By ire put 


In prepari the table Table 5) f determu 
Is filled out 


ind 


preceding table The 


or Ss ol n ll 
were placed in the corre 


By, 8 


he remaining 


iuse B, 


into this 
sponding ul hie ilso 
largest of 
been taken out, the 


entered in colt because it is the 
three numbers have 
The Ay; 


must be noticed that K,; 2) 1s trans 


elements 
other B; 


COLTS 


column (2 are then entered in 


Here it 


position and Ky,,4°) to the ninth position, so 


ferred to tl 


that they multiply the ording to Equation 


ippropriate B a 


rhe constant make up the row of [S 


fourteentl 


his 


mode when iteration is 


atrix [D, to produce |D, 


o the 


Which multipl 


THAIN fourtt 


ipplied to higher me in be found by continuing this 


proced 
USSION 


\ net charact f systems involving the coupling of 


normal modes wtures, Where the coupling effect is 
that each individual degree of freedom will dominate in 
Also, the largest 
tor corresponding to each root will be mainly 


In the 


small, os 


determining the roots of the coupled system 


element of the ve 


the result these individual degrees of freedom ‘om- 
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THIRD MODE 


&”6O©+O cf? 


O20 «OO 


@® 


2-2 
.0526117) © =26,42 


} 
5 


puting process this is that the diagonal 


the strongest effect in produc- 


elements of the given matrix have 


ing the largest elemen Ir he largest element of the 
fundamental mode usually lies in th ul row as the largest 


th 
¢ 


diagonal element of the giver 


very nearly the value of | element 
| lree- 


degree 


Consequently one 


dom in any svstem irge, as the 


one corresponding t rgest I of t column of B 


derived from the mass system 


This ¢ 


the orthogonalit 


process mecept is Import weurac when 


condition sweeping previously 
determined modes, especial] coupling norm 
where coupling Is small and mination Of ali root 
It is best to apply the constraint of orthogonality to the 


esults in sweeping out the 


ment. The sweep 


quired 


dominant degree of freedom, whic 
td nal el 
st diagonal ele 


small, so that there 


column which contains the large 


ing constants will then tend to be relatively 
differences of 


likelihood of small large numbers 


will be less 
part arly on the diagona 


In one case involving the analvsis of wing this was 


small diffe 
for the 


in airplane 


ry calculations and very 


not done during preliminary 


ences of large numbers resulted in obtaining the matrix 


second mode Errors grew steadily worse with each mode 


Later 


the dominant modes 


calculations were repeated, taking care to sweep out 


Phist 


large 


these 
reduced greatly the incidence 


ot only 


iumbers, but it became possible to 


of small differences of 


satisfy all the orthogonality conditions to exactly the number of 
significant figures to which convergence of the iteration process 
was carried, This was due to the fact that the two terms involv- 


freedom of each mode were the 


Thus when 


dominant degree ot > most 


ing the 
important in satisfving the orthogonality condition. 
the results of iteration were tested for orthogonality, errors were 
1djusting a value which had negligible effect upon 


Che adjusted results also satisfied the original matrix 


removed by 
the others 


very closely 
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CONCLUSION 

The conclusions may be drawn that in setting up the matrix 
for a system representing coupled normal modes, the rows and 
columns should be arranged such that the diagonal elements go 
in decreasing order of magnitude from the upper left to the 
lower right. Thus dominant modes will be swept successively 
from the left automatically when the sweeping tables are applied 
For an elastic system such as a wing structure with large concen- 


trated masses, however, it 


is desirable to number the lumped 


masses in regular order which scatters the dominant modes 


throughout the matrix. For the higher modes of this system, the 


sweeping t ibles must be applied with care as shown in the nu- 


merical example, since the various elements do not lie in the 
regular order in which the tables are given. 


Caution must be exercised with the resultant K,, to put them 


into the proper row of the sweeping matrix so that they will 
multiply the corresponding row and column of the given matrix 
This means that columns will not be reduced to zeros from left 
to right in successive order, but rather, wherever the dominant 


mode may be situated An alternative to this method is to 
rearrange rows and columns of the given matrix in order to place 


The dis- 


advantage to this scheme is that such rearranging and recopying 


dominant modes in successive positions from the top 


18 a constant source O! error 

When it is necessary to determine all the mode shapes and 
frequencies ol a given system, accuracy becomes an especially 
There appears to be a tendency for signifi- 
the last mode than 


important problem 
cantly more errors in the determination of 
n any of the preceding ones. It is obvious that the single col- 


umn of sweeping constants determined for this mode is identi- 


cally the solution. It may be checked first by sweeping the two- 


column matrix that was used just previously. The single column 
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that results should be the same as the sweeping constants each 
multiplied by the nth root of the equation. Another check in- 
volves substitution of the whole column into the original equa- 
tion. This is equivalent to sweeping out all modes but the last 


from the n by nm matrix. Of course if none of these methods 


gives satisfactory results, the original matrix can be inverted 
and iteration applied to it, since the first mode of the reciprocal 
is equivalent to the last of the given matrix, this usually giving 


the greatest accuracy. The general rule that has often been 


ipplied stating that one significant figure is lost in the deter- 
mination of each new mode appears to be too severe a limitation 
to be justified by the experience encountered in the numerical 


work that was done in the present research. There are too many 


variables involved to allow any such simple rule, and the number 


of significant figures to be used is mostly a matter of the judg- 


ment of the engineer in ¢ ach case, taking into account relative 


orders of magnitude and situations where two roots lie very 


close together. However, if dominant modes are noted carefully 


ind swept as discussed previously, six significant figures appear 


to be reasonable, in the absence of any other determining factors 


This discussion on numerical accuracy was based upon the 


work involved in applying the matrix iteration method to the de- 


termination of free-free mode shapes and frequencies of the 


wings of two full-scale airplanes and three model wings built dy- 


namically similar to full-seale aircraft 
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Approximate Solutions of Problems 
of Plane Plastic Flow 


By P. G. HODGE, JR.,? LOS ANGELES, CALIF 


A method of approximating the stress and velocity fields 
in problems of plane plastic flow is presented. A general 
procedure for finding the deformed pattern of an originally 
square grid is devised and applied to two examples. The 
results are compared with known continuous solutions 
and with experiments. 


INTRODUCTION 

“HI 
the behavior of 
plane plastic flow. It is assumed that the material remains 
the yield condition, and 


problems considered in this paper are concerned with 


a perfectly plastic material in a state of 


rigid for stresses which do not satisfy 
flows under constant maximum shearing stress if the yield condi- 
is fulfilled. Under the solution of the 
problem is reduced to the determination of the three stress com- 
and the and 


tion these conditions, 


ponents @,, ¢,, and r,,, two velocity components u 
t 

(At any point in a known stress field, orthogonal first and second 
principal directions may be defined as the directions across which 
the 
The elements at 45 deg to the principal directions will be in the 
In particular, the di- 


rotation of the 


tensile stress is a maximum and minimum, respectively. 
directions of maximum shearing stress 
rection obtained by a 45-deg counterclockwise 
first principal direction will be denoted by the first shear direction 
Lines which are everywhere in the direction of the first or second 
shear direction will be denoted by first and second slip lines 
respectivel Along the 


known to hold (1 


slip lines the following relations are 


"4 const along a first sup line 


“ const along second sliy line 


Here 2kw is the mean normal stress (k is the yield stress in pure 


shear), and @ is the angle between the first slip line and the nega- 


tive y-axis. Ir f w and @, the stress components are given 


b 
sin 26 


20 


ttern Of sup lines in 


i given 


compo 


assumed wording to the Saint 


din this paper were obtained in the course of 
Brown University under Contract 
the Office of Naval Research and the Bure 


research ec 
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Venant-Mives stress-strain law, then the slip lines are also in the 


direction of maximum shear strain. The following relations then 


hold (1 


Here the 


lines, 


subscripts 1 and 2 refer to the first and second slip 


respectively; V is the velocity ds the element 
und R the 
component directed along a straight slip line is constant 
Also, if } 


this line 


component 


of are length radius of curvature. In particular, the 
velocity 
vanishes along a second slip line, V) is constant along 


while if } 
Finally, it 


» vanishes along a first slip line, V; is constant 


along this line follows that a region at rest must 


always be bounded by slip lines 


In some t may happen that the boundary conditions 


ies 
imposed cannot all be satisfied by a continuous solution, but that 


a solution may be obtained if certain discontinuities are intro- 


duced. Prager (2) has shown that if a line of discontinuity 


(shock) separates two regions of perfectly plastic material, then 


the following relations between the stress components must be 


valid 


& = Zan 
w, = sin (A; 


Here the subscripts 1 and 2 refer to opposite sides of the shock, 


and a; is the angle between the shock and the negative y-axis. 


Geometrically, the 


first Equation [1] means that the shock must 


bisect the intersecting slip lines of either family. In addition 


conservation of mass requires that the velocity component nor 
mal to the shock be continuous across the shock 


Winzer and ( 


tion is possible in some cases which admit a continuous solution 


irrier (3) have shown that a discontinuous solu- 


In the present paper this concept will be extended further, and 
the results of continuous and discontinuous solutions compared 
in detail. The good agreement found will seem to justify the 
use of discontinuous solutions as a computational device 

The body of this paper is concerned with problems of plastic 


flow in which the motion of the boundaries is taken into account 


however, an elementary 
1. Here the 
can be « min 1 though the 


The classical 


be compared with 


instantaneous state’ problem 
fields 


motion of the boundaries is 


First 


1 be considers stress and incipient-velocity 


neglected solution, which is continuous, will 


some conceivable discontinuous solutions 


The results of this instantaneous state solution will then be used 


in developing the problems of plastic motion in the remainder of 


the paper 


EXAMPLE OF AN INSTANTANEOUS STATE PROBLEM 


that uniiorm pressure 


The 


applied to one 


pr blen be considered is 


side of a semi-infinite wedge of a perfectly plastic 


rhe continuous slip-line pattern for this problem was 
first given by Prandtl (4) in 1923. The 
ABC, and ADC, regions of 


hence of constant ¢,, ¢ 


material 
isosceles right triangles 
and @ 
referred to as 
the 


} 
lines 


onstant w and 


Fig. 1, are 
and r and will be 


In the 
lines 


y? 


regions of constant state circular segment C,AC 


first family of slip lines (solid consists of straight 
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Therefore the predicted pressure is less for the discontinuous 


the angle 3 


solution. Fig. 3 shows the variation of p and p,; with 
For small 8 the agreement is seen to be quite good 


p 
R 


f- 


through the point A, while the second slip lines (dotted lines) are 
i family of circular ares. Such a region will be called a “centered 
tlh 

The pressure p necessary to achieve this configuration is easily 


computed. The yield condition‘ 


must be satisfied throughout the plastic domain. Therefore® 


throughout the plastic domatt 


not have continuous slopes at 
velocity is discontinuous across 

t follows Poment of velocity is continuous 

The discontinuous solution in« 
means the only one possible for 
CAC n the continuous solution 
Phe incipient velocity solution for this problem is indeterminate, ny number of regions of consta 
One possible solution is to demand that the vertical velocity along \ two-shock configuratior 
1) be uniform If the rigid-plastic boundary is some second 
lip line such as BC\C.D, then continuity demands that } 0 
tlong this boundar The first slip lines being straight, it follows 
that J 0 throughout the plastic domain. Therefore | 
ty V 2, where pv is the prescribed vertical velocity of AD 

\ discontinuous solution to a similar problem has been given 
by Winzer and Carrier (3 In terms of the present example, 
the constant-state regions «are ontinued up to the line ic’ 
which bisects the ingle BAD (1 1g 2 Across AC the t ingentia 

ress is discontinuous, hence this line is a shock 

l-quations [6] and [7] are still valid; if they are substituted 

to Equations [4] the necessary pressure is 


Pp: = 2(1,+ sin 8 


‘bor the plane-strain problem, both the Mises and Tresca 
litions reduce to Equation [5 
An alternative solution is to reverse the first and second sli; 


Fig. 1 However, this would lead to a negative pressure 


would indicate 
for this restri 


i to be 


ted that liscontinuous tangettia 
es not necessarily a discontinuous 
the material need 1 it ruptu 


i of the shock 
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1 + sin 2a; + sin (8 


This pressure lies between the pressure necessary for a continu 


cus stress field and a single-shock stress field. In particular 
if a3 = 8 4, the pressure is given by 


pe = 2(1 + 2 sin 3/2 


The value of p, as a function of 8 is plotted in Fig. 3. 


A similar be carried out for any number of 
shocks. As the number of shocks is increased, the pressure tends 


asymptotically to the continuous pressure, as would be expected 


computation may 


s Puastic Mass By a Riaiw WenGe--SINGLE- 


SHOCK SOLUTION 


INDENTATION OF 


As a first example, consider a smooth rigid wedge pressed into 
plastic material under conditions of plane 


have shown that the continu- 


a semi-infinite perfectly 
Hill, Lee, and Tupper (5 


ous slip-line pattern consists of three regions on either side of the 


strain 


wedge Regio d 3, Fig. 5, are regions of constant state 


ght lines intersecting the lip and the wedge, 
15-deg angles 


» the wedge angle 23 by 


bounded | 


respectivel tegion 2 is a centered fan whose 


a 
10} 


Sin a 


This di iously satisfies the stress-boundary condi- 


tions. In vie f I shown to satisfy the 


that 


juation [10], it can be 
the volume 
Finally, Hill, 


ve shown that the motion of the plastic ma- 


condition of incompressibility which requires 
of the lip equal the volume displaced by the wedge 
Lee, and Tupper |} 
temal 18 “pst 


the angle remal con , and the 


as the wedge is further indented, 


onfigu merely 


ration 
changes in § 

retical and experimental results, it is desirable 
The 


for doing this is easily 


To compare th 
to calculate the deformation of an originally square grid 
Hill, Lee, 


formulate but the 


und Tupper (5 


procedure 
actual calculations for any given example 


ntegration and are quite laborious. How- 


if th 


discontinuous solution 


1e continuous solution illustrated in 
then the deformed 
very simply 

tion, the 


« example of the previous se 


nuous solution is obtained by continuing the 


is 1 and 3 until they meet at the center of 
of the pattern is entirely determined by 
Equation (10 i the given wedge angle 238 
equations of the lines AD, AC, CD 


the depth of penetration OD It 


shape 
Therefore the 
may all be regarded as 
Known functions of will be 
shown later that it is not necessary to evaluate these equations 
explicitly. Since inertia effects are neglected, according to the 
Saint Venant-Mises theorv of plastic flow, the wedge may be 


assumed to penetrate at unit speed, so that OD = t 


SOLUTIONS OF PROBLEMS OF 


PLANE PLASTIC FLOW 


y= Ts. 
A 
ae - 
—-— 

cS 2 


/ 


+ 


4 


Pea ~- 


re 
ie 
D 


Therefore the 
iCD, 


the velocity 


BCD is 
velocity vector q; = %, %) in ABC is 
@: = ts, % is parallel to DC. The 


vector is 2 sir 


assumed rigid 
marallel to BC 


The material below 
while in 

magnitude of 
Thus the normal component 
ontinuous across the shock AC, 


However, as noted previously 


3 in both regions 
of velocity is but the tangential 
component is reversed in sigt 
the displacements themselves are continuous 

As the wedge is indented into the plastic material, an element 
y will remain fixed in space until one of the lines 


denote the 


ata pointer 
BC or CD passes across it 
an arbitrary point which enters the plastic 


let r position vector of 


domain across Af 


and let ¢ i(t,) be the time at which this occurs. Similarly, let 


t. be a point which enters the plastic domain across CD at time 


ts ule 
> 


Once a point is in region 2, it will move with constant velocity 


is the position vector at time ¢ of a 


@. Therefore, if p = &, 7 
point initially at t, 


1] 
q { lor f 


However, a point which enters region | will move with uniform 


velocity q, until it is overtaken by the shock AC, and will there- 


after move with velocity q Let te = tol) be the time at 
which the element passes through the shock Then its position 


vector at time { 


is 


The functions 4, te, and 42 may be determined in the following 


manner: Since each of the lines AC, BC, and CD is straight, and 


since the pattern is similar at any stage of the indentation, each 
and the 


have an equation of 


line is a linear function of the co-ordinates depth of 


penetration { Thus CD, for example, will 
the form 


13] 


j are the original co-ordinates of the partick There 
13! can be solved to vield t as a linear function of 


Che same procedure determines ( as a linear function 


where 
fore Equations 
rand y 
f Finally, for a point instantaneously on AC, it follows 


of zr and y 


from the second Equation [12] that 


g 

The substitution of these values, along with the computed values 

of t; and & into Equation [13]! shows that ft» is also a linear fun 
tion of z and / 

If the values of 4, 4, and 4, so found are substituted back into 

and {12 


as a function of its original co-ordinates and the time 4 Each of 


Equations [11 the position vector of a point is found 
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these equations will be linear i j, and t, hence they may be points of corresponding segments from the deformed pattern in 


written in the form Av and As. 
The deformed grid for the particular case where 8 = 30 deg 
is shown in Fig. 8. For comparison, Fig. 9 shows the deformed 


grid for the continuous solution obtained by Hill, Lee nd 


= Cat + 


The coefficients a, ,, b m I] det ined from the 
geometry of the figure (Fig. 6 Howeve ertain interesting 
-onclusions may be drawn directly from the line of Equa- 
tions {1 t}. First, the entire plastic stress field at ar instant 
may be divided into three regions: material which entered 
the plastic domain across BC and is still in region 1, material th 


results obtained by Hill, 


is seen that the variation between 


ese solutio 1 


which entered the plastic domain across BC but is now in region 


“upper 

2, and material which entered the plastic domain across CD and eae 

. | st 

is still in region 2. These domains may be conveniently desig f the same order as the variation mput 
nated by An, Aw, and Ae, respectivel Furthermore, since the ind the experimental solution 


process of deformation is 1 to 1, a domain D,, in the undeformed 


material prior to penetration may be associated with each do- INDENTATION OF A PLastic Mass py a Ricip WE 
main A,; The mapping of any particular domain )),, into A,; DovuBLe-SHOCK SOLUTION 

s given by a particular pair of Equations [14], i. e., by an affine 
transformation of the form 


GE 


4, closer ipproximation to the ontinuous solution m ” 
»btained if the fan in Fig. 5 is replaced by several regior if 
ymstan *, Separated by shecks. The method will be il 


us- 


but is appli le to any number 


It is a well-known theorem concerning affine transformatior 
see, for instance reference 6) that a family of equispaced paralle! 
ines 1s m upped into a family of equispaced par illel lines There 

fore, to determine the deformed pattern of an originally square 
grid, it is necessary to determine only the three regions A \ 
ind A», and the deformed position of one vertical and 
horizontal line in each 

It is readily seen that these results are not limited to the 

particular example considered, but are, in fact, quite general 
rherefore, without further proof, the following theorem will | 


Theorem 1 Let a stress field be composed entirely of regions 
of constant state, each of which moves instantaneous!) 
body Let these regions be numbered 1, 2, 3, 
fixed time ¢ in the process of deformation, let dD; k 
the initial position, and A, ;, ma the final position 
of points which first became plastic in region t, then passed 
successively through regions j, 4 , m, and finally occupied 
egion m at time ¢ 

Conclusion. A set of equispaced parallel lines in D, 
is deformed into a set of equispaced parallel lines in A, 

In the present example, the regions are defined as follows 
Let the parallel to CD through O intersect AD at E, and let the 
parallel to BC through A intersect OB at F, Fig. 7. Then the 
material initially in triangle OCD (D is moved into triangle 
ECD (An) by a process of pure shear parallel to CD. Similar 
the material initially in triangle FCB (D has been moved into 
triangle ACB (Ay) by a process of pure shear parallel to BC 


Cherefore the deformed grid patterns in these two regions m 


be constructed by inspection. Finally, the material initiall 


triangle OCF (D i riangle ECA at time ¢ The 


ormed grid 
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wundary BC,C.D, the velocity vector in each region must be 


parallel to the boundary of the region 

rheorem 1 

locate the points EF and F 

, FC,, ECs, Fig. 12. 

is moved into triangle 
Material initially 

iC, BCA, 


The deformed grid ir 


Obviously, this problem satisfies the conditions of 
various domains, 
as before, and construct the lines OC,, O¢ 
Material initi triangle OC.D (D. 
ECD A by a pure shear par illel to D¢ 
in triangle FC,B( D 
shear parallel to BC 


lo determine the 
7 
uly in 
is moved into triangle by a pure 
these two regions 
will coincide with the single-shock pattern 

The material originally in triangle CyOC:, entered the plastic 
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Thermoelastic Stress Around a Cylindrical 
Inclusion of Elliptic Cross Section 


By RAYMOND D. MINDLIN'! ano HILDA L. COOPER,? MURRAY HILL, N. J. 


The two-dimensional equations of thermoelasticity are 
solved for the case of a uniform temperature change of an 
infinite medium containing a cylindrical inclusion of el- 
liptic cross section. The problem is treated as one of 
plane strain in elliptic co-ordinates, and the solution is 
given in closed form. Formulas and curves are given for 
the maximum values of various components of stress at 
the interface between the inclusion and the surrounding 


medium. 


INTRODUCIION 


F an elastic body containing an elastic inclusion is heated, 
uniformly or not, an elastic state of stress is induced if the 
inclusion has a coefficient of linear thermal expansion differ- 

ent from that of the surrounding material. The problem con- 
sidered here is one of uniform heating, or cooling, of a body com- 
posed of an infinite elastic medium in which is embedded an in- 
finitely long cylinder of elliptic cross section. The cylinder and 
the surrounding medium have not only different coefficients of 
thermal expansion, but also different constants of elasticity. The 
displacement and traction, across the interface between the two 
materials, are assumed to be continuous. The problem is treated 
as one of plane strain in elliptic co-ordinates 


Exvurptic Co-OrRpDINATES 
We shall use elliptic co-ordinates £, 7 defined, in terms of rec- 
I 


tangular co-ordinates zr, y, by* 


iy = c cosh (i 
so that ¢ is one half the distance between the foci of the family of 
confocal ellipses £ const and the orthogonal family of confocal 
hyperbolas » = const, Fig. 1 


positive with the 


The co-ordinate £ is restricted 


to be same value assigned to the whole of one 


ellipse 


The elliptic boundary between the inner and outer bodies is 
I 


Hence if 6 and a are, respectively, the 


their ratio is given 


taken as the curve — = ¢& 


minor and major semiaxes of the boundary 


a = tanh 


$ 


tio J, and the angle, », which the tangent to 7 = 
with the z- are given by Je’® = d(x + iy)/dt, 
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Fie. 1 Enupric Co-Ornpinates 
so that 


2/? * (cosh 2 


tan ¢ = coth — tan 9 


FormMvULAS ror Srress, STRAIN, AND DiIsPLACEMENT 


The components of stress are expressed in terms of Airy’s 


stress function x by the usual formulas* 


o*x 


ont 
{1} 


ss-strain relation is expre tanzular co-ordi- 


The stre 


nates, by three equations of the type 
Be 


and three of the type 
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G is the shear modulus, » is Pois- 


of linear thermal expansion, and T 


modulus, 


where E is Yo 


son's ratio, a! e coefficient 


4 Tbid., p. 153 
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2H 


is the temperature above a uniform initial temperature. For The third of Conditions [II| requires 


plane strain 


and we may take und Condition [ITT] requires 


Then 


KaT + Eh If the components of stress and displacet 


" stress functions which are solutions o 
the stress-strain relation becomes, in curvilinear co-ordinates . 
one Ge stn chennai ate arvilinear co-ordinates — Boundary Conditions [I, IT, IIT] are sati 


2G «¢ 6, + Eal QvGh will he satisfied identically 


2G &, = Y : + EaT 2G Srress Function 
The appropriate ws etions, x ( land x 


Region 2, were sele« t t list’ n inction 


=< elliptic co-ordinates, leading to single-valued displaceme 
The possibility that the solution might b pressed in clo 
Donnell’s solutior i similar problem 


The cagnponents of lisplacement, Uz, Un in the directions £ 


) was indicated by 

increasing and » increasing, respectively, are given by oeaas — 
The functions which generate the solution the present problem 

4GI Us = 21 v iJ “ 20x /0E§ + c( EaT 2vGk) sinh 2 are 

4GJU, = 21 v el tty 20x /On c% EaT 2vGk) sin 2n ' 


= > In 


h 2& cos 


x” = De~** cos 2n 
he 
= where A, B.D. F, H are constants whose v “ found, f 


the boundary conditions, to be 


it 5 
and R is the conjugate of V%x. Equations [2] are the usual 
forms® with the addition of the terms containing ZaT’ 2eGk, 
which account for the thermal] dilatation and axial strain. 

We shall designate the portion within the elliptic boundary as 
Region 1 and the surrounding medium as Region 2. Quanti- 
ties associated with Region 1 will be identified by primes, and 


those of Region 2 by double primes 


BounDARY CONDITIONS 


In view of the assumptions of continuity of trac 


placement across the common boundary of Regions 


we require 
At points in Region 2 far fr inner boundars 


If, as is likely in practice, the composite body is bounded by 
two traction-free planes = const, the solution to be g ven should 
not be used if BE’ >> E* and, in any case, not within a distance a 
from the intersections of the cylindrical surface — = £& with the 
two planes onst. These restrictions arise from the as- 
sumption of plane strain in which we can require, at the most 


on con 
D 
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It should be noticed that, for corresponding values of b/a and 
E’/E*, the sum of the ordinates in Figs. 2 and 3 gives the ordi- 
nate in Fig. 4 only when all three points fall below and to the 
left of the appropriate dashed curves, as it is only in such cases 


6 

















DirPERENCE BETWEEN PRINCIPAL STRESSES 
OvurerR Mepium at INTERFACE 


Fie. 4 Maximum 


that the maximum values of the three stresses occur at the same 
point on the boundary (i.e., 7 = 0). 


TANGENTIAL COMPONENT OF TRacTION Across INTERFACE 


The maximum value of the tangential component of the trac- 
tion across the interface between the two regions is of interest 
This quantity, denoted by 


in considering the possibility of slip. 
is found 


(Fe )max and obtained from the fourth of Equations [5], 
to be 


and occurs at 7 


Equation [8] is plotted in Fig. 5 for »’ = »* = 0.3 


Srress iN INNER REGION 
The state of stress in Region 1 is very simple. This may be 
recognized by transforming the first of Equations [3] to rectangu- 
lar co-ordinates, obtaining 
+ 2Be-* (2? + y?) 


2 (72 y?) 1 


It is readily seen that the stress is homogeneous throughout Re- 
gion 1, the principal stresses being parallel to the principal axes 
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Maximum VaLve or TANGENTIAL COMPONENT OF TRACTION 


Across INTERFACE 
of the ellipse. When 6 > 0, the algebraically larger principal 
stress is a tension of magnitude 


” 
= } = Dea 


» 


P's>0 = K 5) in 2(1 =0, 8>0 


Hence for v’ = v* = 0.3, Fig. 2 gives p’s>0 exactly to the left 
and below the dashed curve and to within 1 per cent over the re- 


mainder. When 6 < 0, the algebraically larger principal stress 


in Region 1 is a compression 
The principal stress difference throughout Region 1 is of 

course constant and equal to the maximum value of the tan- 

gential component of traction across the interface. Thus 


p : 2 (Tey )max 


where (rgq)max 18 given by Eq 1ation [8] and is plotted in Fig. 5 


for: vw = 0.3 


AXIAL SvReEss 


The components of stress parallel to the axis of the cylinder 
5 The formula given for 


are given by the last two of Equations 
a,’ is valid throughout Region 1 and, as may be seen, ,’ is a con- 


The formula given for &,” pertains only to the boundary 


stant 
The stationary values of 3,” occur at 7 = 0, x/2, with 


=f 


SS g 
magnitudes 
"\a=a0 = 2v*Kéin(1 
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o,")g=x/2 = 2v*Kbn(1 


Whereas, for the cylinder of circular cross section (y = 1), ¢,” 


is zero throughout, it may become very 
major axis of an elongated elliptic cross section 


large at the ends of the 





Bending of an Elliptical Plate by 
Edge Loading 


By W. A. NASH,' SOUTH BEND, IND 


A series solution is presented for the problem of the small 
deflections of a thin elliptical plate with the following 
boundary conditions: (a) The edge of the plate is supported 
and is given a small prescribed deflection in a direction per- 
pendicular to the middle plane of the plate. (b) The ex- 
ternal load applied to the plate consists of a general dis- 
tribution of bending moments acting around the edge of 
the plate. Since the loading consists of moments dis- 
tributed around the edge of the plate, the general La- 
grange differential equation for the middle surface of the 
plate reduces to the biharmonic equation. Elliptic co- 
ordinates are used and the problem reduces to finding a 
solution of the biharmonic equation, in elliptic co-ordi- 
nates, which satisfies the boundary conditions. Solutions 
to this equation are of two types: (a) harmonic functions, 
and (b) biharmonic functions which are not harmonic. 
Functions of type (a) are found by the method of separa- 
tion of variables in Laplace’s equation expressed in elliptic 
co-ordinates. Functions of type (b) are found by the use 
of complex variable theory. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


distance from center of ellipse to either focus 
Et’ 

flexural rigidity of plate = 1901 

Young’s modulus 

elliptic co-ordinate directions 

bending moments, per unit length of middle surface 
of plate, in rectangular co-ordinates 

twisting .noments, per unit length of middle 
of plate, in rectangular co-ordinates 


surface 


shearing forces, per unit length of middle surface 
of plate, parallel to the z-axis 
bending moments, per unit length of middle surface 
of plate, in elliptic co-ordinates 
= twisting moments, per unit length of middle surface 
of plate, in elliptic co-ordinates 
shearing forces, per unit length of middle surface 
of plate, parallel to z-axis 
normal load per unit area acting on face of plate 
= thickness of plate 
z-component of displacement of particle originally 
in middle plane of plate 
Poisson’s ratio = 0.3 
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INTRODUCTION 

The solutions of only a few problems involving plates of ellip- 
tical or semielliptical contour are known. They are: (a) Uni- 
formly loaded elliptical plate with a clamped edge (1);* (6) 
uniformly varying pressure acting on an elliptical plate clamped 
(ce) uniformly loaded elliptical plate with a 
simply supported edge (3); (d) uniformly loaded semielliptical 
plate simply supported along either the major or minor axis and 
clamped along the elliptical boundary (3); (e) edge loading act- 
ing on a hollow plate with confocal elliptical boundaries (4); 
and (f) concentrated load acting at any point on the straight line 
joining the foci of a clamped-edge elliptical plate (5). 

Mushelisvili (6, 7), and Lechnitzky (8) have made use of com- 
plex variables in solving plate problems, This method has been 
applied to the problem of a linearly varying load acting on a non- 
isotropic elliptical plate with a clamped edge (9) 

The theory developed here is subject to the following restric- 
tions: 


at the edge (2); 


1 The plate is composed of a material which is elastically 
homogeneous and isotropic 

2 The materia! follows Hooke’s law. 

3 The deflection of the plate is small compared to the thick- 
ness. 

4 The thickness of the plate is small compared to its lateral 
dimensions. 


Fundamental Equations. The expressions in rectangular co- 
ordinates for bending and twisting moments, per unit length of 
the middle surface of the plate, are (1) 


0*w O*u 
-D + 
ox? oy" 
(= O*u ) 
D + ¥ 
oy? or* 
O*u 
M, = Dili . 


, ordy 


where » is Poisson's ratio, and D is the flexural rigidity of the 
Here, w denotes the z-component of displacement of a 
The quantity 


plate 
particle originally in the middle plane of the plate 
w is called the deflection of the plate 
The differential equation of the middle surface of the plate is 
(1) 
Ou Otu Otw q 
+ 2 + - (4) 
Or’ orD,? oy* D 


( o o X= O*%w ) q (5 
dr? Oy? oz? =——sé ey? D gi 


Here, g is the normal! load per unit area acting on the face of the 
plate. If q is zero, Equation [4] is called the biharmonic equation. 
Solutions to this equation are known as biharmonic functions 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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Equation [5} may be written in the form 


q 
Db 


Vw 


where ¥?* is the Laplace operator 


Ee.uipric Co-ORDINATES 


The problem to be treated in this paper is that of a plate of 


elliptical contour. Hence elliptic co-ordinates will used, 


The equations relating rectangular Cartesian co-ordinates (x, y) 


be 


to elliptic co-ordinates ( are 


7 


r= ccosh — cos 7 


sinh & 


, om 
/ 


sin 


Elimination of 7 between Equations {7} vields 


2 , 
> - 
4 = } 

ec? cosh? c? 


é sinh? é 


From Equation {8} it follows that the family of curves £ 
are confocal ellipses, the distance between the foci being 2: 


Elimination of & between Equations [7] yields 


z* y? 


ce? cos? 9 c* sin? 9 


From | quatior [9] it follows that the family of curves n = const 


oe 


af 


are confocal hyperbolas, the distance between the foci being 
This family of hyperbolas is orthogonal to the family of ellipses 


They 


The two orthogonal families of curves are shown in Fig. 1 
are the parametric lines of the elliptic co-ordinates &, ». 


Some Transformations. By means of Iquations [7], the La- 


cian operator may be expressed in terms of elipt ri. 


cosh 2 


Thus the diffe 


Eevurpric Co-OrpINATE SysTEM 
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expressed in elliptic co-ordinates, is 


2 o? 3? )} 1 

c? (cosh 2 2n) \Oe? On | -- 
rhe solution of the problem of the bending of a plate of ellip- 
tical contour, when a resultant normal load q per unit area acts 
ou the faces of the plate and the edges are loaded by bending 
moments, twisting Moments, and 


ll 


shearing forces, thus reduces 


to the integration of Equation , Subject to certain boundary 
conditions 
Bending and Tu 


In the elliptic co-ordinate 


Expressions for sting Moments in 


Elliptic 
Co-Ordinates system, the bending 
moments, per unit length of the middle surface of the plate, are 
V,, and the 


length of the middle surface, by 


denoted by M¢ and twisting moments 
Me, and M,:. The shearing 
forces, also per unit length of the middle surface, parallel to the 
z-axis are denoted by Q: and Q,. The 


of these quantities is represented by a vector 


per unit 


positive directions of each 


Fig. 2 





Z 


2 Benpingc Moments, Tw 


Forces In | iF 


STING 
ric Co 


MoMENTS, AND 


SYSTEM 


SHEARING 
(ORDINATE 


The 
respect to z and y may be obtained from Equations [7]. If these 


l 2}, and [3] 


expressions for the various partial derivatives of w with 


values are substituted in Equations the follow- 


ing expressions are obtained 


2b 
e2(cosh 2¢ 
/) 
v) sinh 2¢ 


cos 


14] 


cosh 3 08 2n | 


Singular Points in Elliptic C'o-Urdinale 


Of0n 


System. The locus of 
the points 0 is that part of the major axis between the foci 


of the ellipse. Any point on this portion of the major axis may be 


%), 
Hence each of these points is a singular point 


represented either by the elliptic co-ordinates (0, @) or (0, 
whereO [ @ Sz 
of the elliptic co-ordinate system, and the locus of the points — = 


0 is a line of singular points 





NASH 


It is necessary that the conditions of continuity of deflection 
and gradient prevail across the line of singular points of the plate. 
Let w be any function of &, 7. Then, if w is te be continuous 
at the line of singular points, the following condition must hold: 


lim we, @ :) = lim (O0<¢@<fr)[l5 


€,-—0 + a0 + 
0 «0 


Ww €, oT &), 


Similarly, if w is to have a continuous directional derivative 


at the line of singular points, two more relations must be true 


Thev are as 


lim 
«04 


“0 
There 
They will have 
that the minus sign on the right will be present only in those rela- 


tions invol\ 


are similar relations involving the higher derivatives 


the same form as Equations [16] and [17] except 
Vatives ot odd order, 


ing der Equations [15], [16], 


and [17]! will henceforth be referred to as the “continuity condi- 


tions 


Tue Brnarmonic Equation 


The differential equation of the middle surface of a plate has 
already been found in elliptic co-ordinates for the case when a 
resultant norma] load q per unit area acts on the faces of the 
are loaded by bending moments, twisting 
This is Equation [11]. 


plate, and the edges 
moments, and shearing forces 

If the externa) forces acting on the plate are applied only to 
the edges, the faces being free, then q = 0 and the foregoing equa- 


( = >) | 
w = () 18 
oe? on? 


nonic equation expressed in elliptic co-ordinates 


tion reduces to 
cosh 2 cos 27 


This is the bihar 
n) that satisfy this equation are of two 


Biharmonic functions w£, 


general types as follows: 


| Those é re harmonic satisfy 
equation ¥ 


2 Those 


Harmor inctior n Elliptic 
from Laplace's equation by the method 


Le., they Laplace's 


jiharmonic, but are not harmonic 


Co-Ordinates. Functions of 
tvpe | are re 
of separatior This procedure leads to the harmonic 
functions 

1, &, 7, 
7, Sinh nm € cos n n] ‘ {19 


cosh n 


Sint 


cosh 


£ cos nn j 


Which 


ions oO the 


Biharmor 
Co-Ordinate inet 


ire Noi Harmonic in Elliptic 
type sought 
Any 


da, where uy 


here can be ob- 


tained by the use of complex variables biharmonic func- 


tion can be expressed in the form ru, + and uz are 


harmonic functions of the rectangular Cartesian co-ordinates*® 


xz, y. Let 2 denote the complex variable defined by the relation 


> ie | ind it 


The functior 


It is necessar 


= be the complex conjugate, # = z ty. 
is analytic for all positive integral values of n 

onsider only those integral values of n greater 
than 1 I the real 


and imaginary parts of 


ss*=*, 2, 3, 


{20} 
492 


§ Bibliography reference (2), p 
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are biharmonic. Equation [20] may be written in the form 


A(e + #)z"" {21} 


Since the objective here is to find biharmonic functions which 
are not harmonic, the harmonic term ('/;)2* in Equation [21] can 
be discarded. We shall then investigate the biharmonic fune- 


tions y¥,, and x, defined by the relation 
[22] 


The relation [7] between rectangular and elliptic co-ordinates 
may be written in the form 


= ¢ cosh (E + tn [23 


Then Equation 23 | becomes 


as a Fourier series’ in 


the form 


D = ‘ 5 


where ¢ ire the Fourier coefficients given relation 


Let y denote the unit circle with center at the origin of the co- 


orlinate system Since 8 = e” 
f 


then Equation [27] may be 


written in the form 


The integral in Equation 27 | is thus transformed into a contour 


integral around a unit circle in a complex plane 


In general, we have 


The value of ¢, as given by Mquation may now be 


stub 
stituted in Equation [28], and this integral evaluated by the use 


of Equation [29 With the values of the Fourier coefficients 


known, @, is now given by Equation [26] By equating the 


coefficienis of the real parts of Equations [22| and [26] we are 


lead to the sequence of biharmonic function 


cosh (n + 2)£ cos ny + cosh nf cos (n + ’ | 30} 


In an analogous manner, by considering the function x. Which w 


the coefficient of the imaginary part of the function @, given by 


Equation [26], we get he sequence of biharmonic function 


>? 


sinh (mn + 2)é sin ny + sinh né sin (n + 2)y, a ‘ [31] 


A ParricucarR PrRopLeM IN THE BENDING oF ELiapricat PLAaTes 


Let us 
with the following boundary conditions 


consider the small deflections of « thin elliptical plate 


* Bibliography reference (7), p. 34 
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1 The edge of the plate is supported and is given a small ary condition may be applied to the value of w given by Equation 
prescribed deflection in a direction perpendicular to the middle —_ [32] to yield an identity in ». Coefficients of corresponding sine 
plane of the plate. and cosine terms in this identity are then equated to give one 

2 The external load applied to the plate consists only of infinite set of equations containing the A,, C,, and another 
& general distribution of bending moments acting around the _ infinite set of equations containing the B,, D,. 
edge of the plate. (b) Second Boundary Condition. The expression for the 
bending moment M; at any point in an elliptical plate is given by 
Equation [12]. Let M denote this applied moment at the edge 
& = %&. Thus we have 


The deflection w(£, ) in addition to satisfying the boundary 
conditions, must be biharmonic and analytic. Let us assume for 
w a general linear combination of the biharmonic functions 
which satisfy the conditions of continuity of deflection and Mc*(cosh 2% — cos 2n)? { 


: ‘ ~ O*u 
gradient at the line of singular points. Thus let us take . a = 4 (cosh 2¢ cos 2n) 
2D \ dg |e = 


a @ 
O*w Ow 
w= > A,,cosh nf cos nn + ) B, sinh ng sin ny | + »(cosh 2% — cos 2| | —_ (} v) sinh 2¢ | - | 
On® Je=te OF emt 


n=2 n=3 


fo 
& 


@ 


+ } C,, (cosh (n + 2)§ cos nn + cosh n= cos (n + 2)y] 


n=0 ’ . A ‘ 
Also, M may be expanded in a Fourier series of the form 


a 
[g + 2)ts i t si 4. 2)n] 
+ > D, (sinh (n + 2)& sin nn + sinh né sin (n + 2)n] Mc*(cosh 2¢ cos 2n)? o 
ws = 


= cos nn 
n=l 2D 2 


n=l 
where A,, B,, C,, and D, are constants to be determined from + d, sin nq 35 
the boundary conditions. 

(a) First Boundary Condition. Let the edge of the plate be where co, c,, and d, are known Fourier coefficients. Again, us- 
denoted by = &. The prescribed deflection of any point onthe jing the value of w given by Equation [32], coefficients of corre- 
neutral axis of the edge of the plate may be represented by the sponding sine and cosine terms in the right sides of Equations 
Fourier series [34] and [35] may be equated to yield one infinite set of equa- 

tions containing the A,, C,, and another infinite set of equations 


containing the B,, D,,. 
Determination of Coefficients in the Assumed Series. The four 
sets of equations resulting from the boundary conditions may be 


, ao , 
[wlemg, = = + > (a, cos nn + b,, sin nn) [33] 


n=l 


where do, a,, and 6, are known Fourier coefficients. This bound- grouped in the following manner 


CoT 12’ = ao/2 
CTy' = a 
A2T 12’ + CoTw'’ + CiT uu’ = 
AsPw» + CoPo + C2Pr = 
AsT 3’ + CiT nn’ + GT w’ = 
A;sPu + CP! + C3Pn = QG 
Aglia’ + CT 2’ + CWT’ = a 
AwPn + CrP + GP n + ArP2 + CoP 2 
4575 + CsT3' + OsTrr’ = as 
AsPx + CrP + CsPn + ArPan + GP 3s 
An+ 2T i242) + CaTin’ + Cn4 2T'i,n + 
An—2P + AnPon + AnaoPan + Ca—iP an + Cr 
T C.Pe . Cn + Pm = 


DSu’ = h 
DSu' = bs 
BS’ + D:Su’ + DsS:s' 
BiQu + DiQun + DiQn = d 
BS’ + DS» + DSis 
BQa + D:Qe + DQn = 
BsSis' + DSi’ + DsSir’ = bs 
BsQs + DiQa + DiQn + BiQu + DiQsu 
BS’ + DSu’ + DS’ = be 
BQu + DQu + DQu + BQu + DiQs 
Bn +281 n+2’ + D,Sin’ + Da +28i'.n 44 = baie 
Bn—2Qin + BiQen + Bn42Qin + Dna — Qin + Dn—~2Qs0n 
+ DiQea + Dn4:Qm = dn 
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where P,,,, Q,,, are known constants give by the relations 


Py = RT + RT ae + RT ea 
Pw RS — RiTn + RiTa + ReT a 
Py RiTn + Rela + RT | 
Py RT + RT ao + RT a 
Po = RSua Ril + RiTa + RiTa + BsTa + RT a 
+ RT oe RiTn + RsTa 
Py R:Tn + RT + RT 
RSu + RsTe + RsT ea 7 
Riu + RT + RT a 
Ria + RT 
RS RiTu + RiTua + RT a + RsTa + RT u 
- RiTx T RiT« T Rel | 
RT + ReTa + RT a a 
RS + RiT'a 7T RsTe 
—RaT 5 + RiT we + RT 
= RSy + ReTn + RaTa + ReTa + RsTe + RT a 
RS RT, + RiTe + RiTa + RsTe + RT 
R:Ts + RT a + RT - 
= R:Tin—2 + RiTin—2 + ReTin—2 7 
= RiSm + RiTu + Rilo 
—ReTi nae + RTs naa + ReTin42 
RT ani + ReTMs.n-2 + RaT 3, n—-2 
R\Sin—2 + RiTon—2 + RsTin-2 + RT er 
+ RsT sn + ReT on —-2 
R,Si.n+2 ReTs.n42 + RsTi nae + RT oo 
+ RsTon + ReoT's,n 4-2 
= —RT2n42 + RTs nas 4 ReT on 42 a 








= RSi3 +" RS¢ a RSao 7 
RT + RS RSa + RSa— RSa + RSu 
+ RsSa — RS + RSs 
RSa T RSe T RSa 
RT. + RSe + RSe 7 
RS — RSau + RSu 
RiT4 — RSu + RSu + RSe + BS + RSs 
RSx T RSe« T RSu = 
= RS, + RSa + RSa 
RiTn + RS, + RsSae 
RSis a RSo T RS 
RT + RSn + RSa + RSa + RSe + RSa 
= RT — RSw + RSwo + RSa + RSe + RSs 
—RSx + RSao + RSo 2 
RSw + RSe + RSae 
= RT T RSu T RSu 
RSs Tr RSw T RS 
RiT 2 + RSn + RSe + RSu + RsSu 
= Ril RSw« + RSa + RSa + RSa 
=- RSs Tt RSoe + RSe 
RSin—2 + RSs na + RSin—s 
= RiTin + RSo + RSan 
RSin+e + RSi na + RSi nes 
= RSin—« + ReSsn—2 + ReSin-s 
Ri Tin-—2 + RS2a—-2 + RSin-2 + RS + RSw 
T RSan -2 
= RiTi,, +2 RSs.n+2 + R Sina 2+ RS 7 RsSen 


T ReSs,n +2 











RSin4e + ReSan+s 
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and 7’,,,. being given by the relations 


v) sinh 2é 


n sinh né 
n sinh (n 
n sinh (n 
n? sinh n& 
n? sinh (n 
n? sinh (n 
cosh né& 
cosh (n 
cosh (n 
2 cosh ne 
2 cosh (n 


2 cosh (n 


Sin’ = sinh ni 


stg [43] 
1 - 


Equations [36] are an infinite set of equations for the infinite 
unknowns A,, ¢ 
equations for the infinite set of unknowns B,, D 


tions the 


set of s Equations 37| are an infinite set of 
In these equa- 
quantities @ b ri 


my Om, Cm, aud d, are known Fourier 
of the prescribed edge deflection and edge bending 
Thus Equations [36] and 
the coefficients of the terms appearing in Equation [32] 


Convergence of 


coefficients 
ment 37] may readily be solved 


the Solution 
} 


The series given by Equation [32 
nverge abs y and uniformly in both variables throughout 
entire plate, including the boundary 


\ NuMERICAL EXAMPLE 


Statement of Problem. 


case of the prot lem 


Let us consider the following special 
ust discussed. The boundary conditions are: 
t The edge of the plate is supported and does not deflect 
the direction perpendicular to the middle plane of the plate. 

The | 


m distribution 


external load applied to the plate consists of a uni- 


of bending moments acting around the edge 
the plate 


Let the boundary of the plate be given by the parameter & 


For this case, the ratio of the length of the major axis to the 
length of the minor axis of the plate is 2.16465 to five decimal 
places = 0.3. 
rhe deflection w of the plate is given by 
an . C., and D 
36} and [37 
coefficients P,,,, Q,,, are defined by 
38} and [39)} in the known constants R,,, S,,,, and 
T,,,. defined by Equations [40], [41], and [42]. 

The first Fourier coefficients 


Also, let us take 
Vum wl Result 


quation [32] i 


. ; 
Poisson’s ratio » 


which A are constants to be 


determined from Equations In these equations 
the constant Equations 


terms ot 


step is to determine the which 


defined by Equations [33] and [35 
The 
the values of the 


Wit! 


computed, 


next step is to determine th 


After 


computed 


constants Res that 
and 


quantities P, 


quantities S, may be 


i these values known, the and Q,,,. may be 


From these results the equatio » middle surface of the 


elliptical plate is found to be 
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Me? 
D 

+ 0.00341 cosh 4& cos 4y + 0.00027 cosh GE cos bn 

0.00010 cosh 8£ cos 89 — 0.10396 (cosh 2E + cos 2n 


+ 0.08084 cosh 2£ cos 2 


- 0.00553 (cosh 4€ cos 24 + cosh 2£ cos 4n 
0.00043 (cosh 6£ cos 4n + cosh 4£ cos bn) 
0.00004 
0.00003 (cosh 10 cos 89 + cosh 8£ cos LOn)+ 


(cosh 8 cos 6m + cosh 6£ cos 8y 


From Equation (44] the maximum deflection at the center of 
plate is found to be 


[ 45 ] 


J 
where a is the semimajor axis of the ellipse. The addition of the 
terms having coefficients As and Cs changes the value of the 
maximum deflection by only 0.12 per cent, which indicates that 
the nine terms on the right side of Equation [44] represent w with 
sufficient accuracy for all practical purposes 

The value of the bending moment 
The 


on the minor axis of the plate, since 


Me; at any point in the 
plate is given by Equation [12]. maximum value of this 
moment will occur at a point 
the maximum curvature of the middle surface along that axis is 
greater than the maximum along the major axis, The variation 
of this moment along the minor axis of the elliptical plate is 


shown in Fig. 3, where M is the prescribed bending moment per 


__ 0,25 


0. 
i@) 


agi 
v 

Me 

M 


VARIATION OF 


050 O75,. 


Fie. 3 Benpinc Moment Me A 


PLaTe 


unit length applied along the edge of the plate. The addition of 


the terms having coefficients As and ('s changes the value o 


the ratio M;/M by at most 5 per cent 
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Torsion of Noncylindrical Shafts 


of Circular Cross Section 


By H. J. REISSNER! ano G 


The theory of torsion of noncylindrical bodies of revo- 
lution, initiated by J. H. Michell* and A. Foppl,‘ is stated 
by a basic differential equation of the circumferential 
displacement and by a boundary condition of the shear 
The solution of these 
two equations by the “‘direct’’ method of first assuming 


stress along the generator surface. 


the boundary shape has not lent itself to closed solutions 
in terms of elementary function so that only approxi- 
mation, infinite series, and experimental methods have 
been applied. A semi-inverse method analogous to Saint 
Venant's semi-inverse method for cylindrical bodies has 
the disadvantage of the restriction to special boundary 
shapes but the advantage of exact solutions by means of 
elementary functions. By this method, bodies of conical, 
ellipsoidal, and hyperbolic boundary shapes have been ob- 
tained in a simple analysis. One class of integrals lead- 
ing to other boundary shapes seems not to have been 
analyzed up to now, namely, the integrals in the form of 
a product of two functions of, respectively, axial (z) and 
radial (r) co-ordinates. A first suggestion of this possi- 
bility was given in Love's treatise on the mathematical 
theory of elasticity.’ In the present paper, the classes of 
boundary shapes, displacements, and stress distributions 
are investigated analytically and numerically. The ex- 
tent of the numerical investigation contains only the re- 
sults of single-term integrals for full and hollow cross 
sections of technical interest. The detailed analysis of 
the boundary shapes, following from series integrals, 
presents essential mathematical obstacles. Overcoming 
these difficulties might lead to a multitude of solutions 
of interesting boundary shapes, and stress and strain 
distribution. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


r = radial co-ordinate 
= angular co-ordinate 


= axial co-ordinate 


Aero Structures, Polyte 
Mem. ASME 


Aviation Engineering 
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Institute of Brooklyn, Brooklyn, N. Y 
? Structural Engineer, Grumman 
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understood as individual expressions of their authors and 
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= normal stress 
= shear siress 

extensional strain 

shear strain 
= wr, 2) = angular dispricement 
radial displac ement 
circumferential displacem 
axial displacement 
shear modulus 
twisting moment (torque) 
first kind 


econd kind 


Bessel function o 
Besse] function of 


lt ngtl 


ence 


DisPLACEMENTS 
“Pure torsion” for shafts of varying circular 
introduced by J. H. Michell? and A. Fépp!,* is defined by th 
dition that there are no surface tractions on the generator (mantle ) 


cross section, as 


con 


surface, and by the following consistent state of displacement 


0 = (), == 


rw fr, 


STRAINS AND STRESSES 


The displacements, when introduced into the strain-displace- 


ment relations, lead to the following strain values 


0. 1 Ou 


) 


shows ftoleu ! ving er section with the 


big. | 


acting Upor nl nent of t t On account o 


stresses 


the relations, Equations [3}, only the equilibrium condition fo 


the shear stresses in the circumferential direction (1,¢ and 7,¢) and 


their equivalents (1 ind re,) lead to a significant relation Thi 


relation 1s 


Substitution of relations, Equations [3], into this equation gives 
1 j i “ 


the equilibrium condition in terms of the derivatives of the angu 


lar displacement w, Ow /Or ind Ow/Oz in the for 


> ( =) » 
0 or "Oo 


oid 
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BouNDARY CONDITION 


It is required by the boundary condition 


(generatrix) surface shall be free from surface stress. In Fig. 2 





an annular volume element of triangular cross section is shown 
Summing the moments about the z-axis, caused by 


stresses on its sides, one obtains the following equilibrium 
arbitrary 


boundary shape Hon 


12 


» boundary the resultant stress 


runs parallel to the generatrix. It can be expressed in terms of 
the twist-angle derivatives by using the stress expressions of 


I quations 3 





Hence, in addition to satisfying Equation {4 
satisfy the foregoing condition at the boundary 


Semi-INverse Metuop oF SoLuTIoN 

All stress, strain, and displacement components have been ex- 
pressed as functions of w and its derivatives. The function w 
must now be determined as an integral of Equation [4] which 
then must satisfy the boundary condition, Equations [5]. In a 
direct method of solution, the shape of the boundary generatrix 
of the shaft would be prescribed and an integral of Equation [4 
satisfying the boundary condition, Equation |5|, would have to 
be adapted to it rhis method, however, has been found to be 


very difficult. Saint Venant, in his theory of torsion of cylindri- 


cal shafts, has developed a semi-inverse method. It will here be 


utilized for a class of integrals of Equation [4] which seems not to 
have been investigated previously It has, however, been men- 
tioned by A. E. H. Love® and treated more in detail in the elasti 


ity courses of the first-named author of this paper.* 


Cass oF INTEGRALS CHOSEN 
The general expression for the class of integral 


paper is 





iv be represented here by means of the two subclasses 


indicates direction 

away from observer << 12)R, 
& cos 

indicates direction 

toward observer 

where signifies an arbitrary, constant, recipr 

length 


If the funetions 





are introduced, Kquation [4] le 


differential equations of the Bessel f 
argument, n 

dZ, 

dr 

iZ, 

Ir 


ten for 
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The displacements follow directly from Equations [9] and [1 


The stresses, known from Equations 
qG e@ ZA 
+ qGetZ 


sin 


iqG 
qG 


where the relation 


° 
or 
has been used. In the quite general case, the Expressions [9] 


for w, and w, and the »oundary condition, Equations [5], lead 


to the following equations for the shaft generatrices 


(*) nde 9. er Agar 
dr], = n> q, ew" r 'Zq,7 
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sin 


n> = \q * iq ZA iq,7 


The solution of these general differential equations of the bound- 


ary curves would require very involved integrations. There- 


fore it seemed advisable to consider, in this paper, only the cases 


of single terms, so that the subs« ript n will not appear any more 


in the text 


and for case (6) 


{146 


ting Moments. On each shaft equal and opposite 


NONCYLIN DRI 


AL SHAFTS OF CIRCULAR CROSS SECTION 


twisting moments must be applied on external surfaces other than 
generatrix These | 


surfaces, for technical 
can be produced by cutting plane or curved end 


the surface external 
applications 
cross sections, by drilling bores through the body of the shaft 
stresses 


and so forth. It is then only necessary to assume those 


which result from stress Equations [11] as acting on these su 
This requirement concerning 
he same 
us in the In 
this latter case it has been shown that the errors following from 


the difference of the practical and the theoretical stress distribu- 


taces to produce surface tractions 
the stress distribution on the external surfaces means t 
theory of torsion of cylindrical shafts 


restriction 


tions of the applied twisting moments are small, except quite 
near the surface tractions. This is a significant example of Saint 
Venant’'s “principle of elastic equivalence of statically equipol 
systems of load which seems also to be acc ept ible in the case 
of shafts with varying circular cross section 

et Z,(qr 


Case OF THE INTEGRAL w = 


The explicit form of Case [9a] was given by 


[AJi(gr 


Ya 


+ BNA(q 


The Bessel function of real argument and of the second kind 
Vi(qr), follows that 
for full shafts, the For 
hollow shafts, it will be necessary to determine the value of B by 


as r approaches zero. It 
B must be 


goes to infinity 


integration constant zero 


means of a prescribed stress or displacement value 
Only two separate assumptions will be treated in this paper, 


namely 


i1=0, B=0, and 0, B#O0 


The more genera! case wherein A and B are both different from 
zero does not present any further difficulty, but is left out for 
the sake of brevity and simplicity 

Solid Shafts. The function w, which gives the distribution of 


twist and of the circumferential displacement, 


the angle of 
vr = ru(r, z), follows from Equation [9a] with B = 0 


w = Ae@r™' Jig [Ya 


According to Equation [I4a], the generatrix curve of the sur- 


qz I 4a, 


The form of this relation makes it advisable to introduce the di- 


mensionless variables as co-ordinates. A graphical 


qr) and (qz 


inalytical integration seemed to 


integration is preferred since an 
This is done by means of the available 


* Fig. 3 shows a plot of J,(gr)/J¢z 


become too involved 
tabulations of Bessel functions 
range extending from asymptote (qr 

tote (qr) = 11.62 l4a, 
arbitrary constant of integration which can be chosen such 


qr rm . = 0 to asymp- 
contains an 


hat 


The solution of Equation 


(qz) = 0 when (qr) has any convenient value, say,(qr 


Fig. 4 shows the boundary shapes which result from (qr 
of 3.832, 7.0156, and 10.1735. The portions of these curves which 
en (qr = 3.832 and (qr = 


5.136, 
q" = &.417, been tn« 
They will appear and be discussed later when 
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, aud between (qr) = 
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have not 
boundary shape 
hollow shafts are considered 
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wo = Aer Sg 
v = Ae J,(qr) 
T.6@ = G igew J qr 
TO GAqe” Jqr 


Ihe distribution of the shear stress on the end sections of a 





shaft gives the manner in which the external twisting moment 
hould be applied. Obviously, it is convenient to assume these 


end sections as planes at prescribed (gz) values. Fig. 5 shows the 
726, ¥, and w distributions at cross sections determined by (gz) = 


0 and (qz) = 3.5, for the boundary shape correspo ding to (qr 





3.832 (see Fig. 4 
Up to this point, all stresses, displacements, and the angle of 


twist have been given in terms of the constant A The value of 
1 will be calculated by developing an expression for the known 
externally applied, twisting moment In the case of shafts with 
plane end sections at given (gz) values, M is expressed by the fol 
owing equation where the subscript e denotes co-ordinates of the 


t generatn 


expression ust hold ny cross section Henee 


esponding values of z), which determine a point 
boundary shape, can be lected and used to solve 


© boundary shapes in 


LL.SirG 
‘ eds 32 (1 ero of J 


om Bessel F 


51.6 : 
, portions « ve boundary s 


apes 


the boundary in Fig. 4 corresponding t 10.1735 to 5.136, 7.0156 to 8.417, 
The shear-stress distribution in Fig V corresponds been included in Fig. 4 As (g 

the bottom boundary curve in Fig. 4, is obtained from the 1,6 ex yz) decreases; as exceeds 3.832 
pression otf Equations [15 rhe same formula can be used to the boundary line approaches the asymptote, ( 
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) ee 
“s 


« similar manner, the other two boundaries in Fig. 4 approach any cross section 
the asymptotes (gr) = 8.417 and (gr) = 11.62. The full bound- 


must consist of two equal and opposite twist- 
ary line obtained by 


Letting the subscripts ¢ and e designate interna 
and external (gr 


ing moments 
continuing, for example, the thinnest 
boundary shape inh ki 


values of the mantle surface 
ig. 4, defines the hollow shaft 


respectively, the 
in Fig. 6 
what was a shaft before in Fig 4) has 
come a bore, and the contin ied 


moment on a plane cross section at any given (qz value is 
In other word now be- 
houndary lines define hollow in- 
stead of solid shaft = 2e GAq*e@ 

Equations 5| represent the solution for the stresses and dis- 
placements of the hollow as well as the so iaits, since Equa- 
tions [4] and [5 nain satisfied. Fig. 6 includes the v, #, and The conclusion that 
the cross section determined by (qz) = s 
The value of the const 


V is zero is confirmed for 
Tea istributions at 


cause the quantity 
ant A is not the same for corresponding 


In the case of a hollow shaft, A must be qr J 
determined from a prescribed 


i stress or displacement value at 
1 radius, and no longer can be calculated from 
for the twisting moment 


hollow and solid shafts / 


7 


an expression can be shown to be zero at all cross sections of the hollow shaft 


The external torque must be applied Hollow Shafts Derived From Be 
r.@ distribution, and since the mantle Kind 


, this distribution (on 


sel Functions of the Second 
in accordance In the discussion of solid shafts, the constant B had 1 
be taken as zero in order that be finite a yr) 0 This con 


of external stress 
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dition for B is not binding for hollow shafts because the shaft ma- 
teria] does not reach the points where (qr) = 0. 


The shafts corresponding to the Bessel functions of the second 
kind can be investigated by taking A = O and B # 0 in Equation 


[9a } 


@ 


Bet r~! N (qr) 


The generatrix curve is given by Equation [14a 


with A = 0 


N (gr : 
d(qr) l4a,} 
NAqr) 

\ graphical integration of this expression yields the boundary 
shapes in Fig. 7. For the upper generatrix curve, the constant 
of integration was chosen such that (qz) = 0 where (qr) = 5.428; 
the integration constant for the lower boundary was chosen such 
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in accomplished, for example, 
tio (qr), through the shaft 


first case urve a bore need 
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cross sector moment then « 


n- 
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equ nd opposite parts However, if a be is 


iraiiel t try, the case can be made 


us to curve 4), except th bore is larger. 


The stresses and displacements ire 


3}, and [9a,] 


known from Equations 


The angular 
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GBev Niq 
The constant B must be determined from a prescribed stress or 
displacement value. 


CASE OF THE INTEGRAL w SIN (qz qr 
If w = R(r) sin (gz) is introduced into the equation of equilib- 


rium, then the angle of twist is explicitly 


9b), viz 


given by expression 


yal 1 at 2 


* Sin (gz CJ, iqr 
+ DN 


o= 


sin (gz) Z,(igr 
tq’ 

The particular solution for w, which results when C is t: 
N (gr 


a bore along the axis 


ken as 
zero, is not applicable for a solid shaft, 
0. 


is assumed, the case of 


since becomes 


infinite at (gr) = On the other hand, if 


of symmetry t flat ellipsoidal shape is 


found such that on the drilled out (inner) surface the resultan 
and 
This case is considered of minor technical importance and will not 


The ot 


zero, 


couples of the shear stresses give torque counter 


be presented here in detail 
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her 


particular solution for 


w, obtained by assuming is will be investigated now 


with D 0, 


14b], 


introducing 


-quation 


d by 


represents the generatrix curve ob- 


laine 
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» into the boundary condition, Equation 
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right-hand side of the foregoing equation 
and 


tegration 18 again used to obtain the 


14h 


The 


to 


would be difficult 


integrate by analytical means therefore a graphical in- 


boundary shapes. It 


found convenient to choose the constant of integration as 


In (K cos gz 


and 
the cons 


14b 


bulated Bessel functions and 


kK, 


evaluated 


tant the bounda represent 


were ur phi y bY means o 
are show! 
bitr it 


be 


neratrix curves in Fig. 8 approac 


is evident that an infinite number of boundary 


obtained. The solution can be interpreted as 


h the asymptotes 


Outside of these there are 


Then the 


asymnptotes 
(3/2 
urves repeats itself as shown in Fig. 8(a) 

3}, the 
In order to express these quantities i 


Pi 


intil reaches the values of + r 


i 


equations [1 and [9b, stres an 
re Known 
letC = 


Pr sir 
P sin g 
GP¢ cos q 


GPq sin ¢ 


iJ (gr 
J (igr 
iJ 
i J; 


For the 


boun lary shape corre sponding to Kk 1.0 
ywn in Fig 
0.80 and 1.50 
the circumferential 


t the 


see Fig. 8 


and displacement distributions are sh 


ross sections determined by (gz) values of 


displacement function w, and 


isplacement v, are zero for all (gr) values a section where 
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VARIATION ALONG BOUNDARY 
at 


VALUE OF T&T THE fF 
res 


w= Rir) sin(q 


10 


(qz) = 0; this is as it should be since the shaft is symmetrica When A = 0.0523:P = + 3.68) M q? 
with respect to the (¢z) = 0 cross sectix » " 
th respect to the (qz) crons section When K = 0.1830:P = 4 12.08) M q?, 
The constant P is determined from an expression for the know: 
. Then K = ( 395) 3 2 
external moment. Previously, this expression has been stated When K = 1.000:P = 62.695) M q 
tor the case of plane end sections by Equation [16], and is evalu- When K = 42.50:P = + (1038.96) M q? 
ated for the 7,6 expression of Equations [18] in the form 
Stress Variation Along Boundary. At any given (qz) value, the 
~~ ial Qertd(q shear stresses of Equations [18] are a maximum at the boundary 
, a6 omrd\ ‘ “y 
as can be seen from the character of the Bessel functions. The 
= 2nGCq~* . qr)? Jxligr), 16) variation of resultant stress along the boundary can be obtained 
by plotting tres /(tTres)i, Where (tres); is the value of tres at. the point 
This relation must be valid fe | cross sections, and therefore where (gz = 0 and q’ = (0.25 (This point has been chosen 
the (qr), and (gz) co-ordinates of any point on the boundary shape because here the shaft is nearly cylindrical and the value of 0.25 
“onveniently at gz = 0) can be used to solve for P. A different indicates the case of the most slender shaft in Fig. 8. For the 
value of P results for each boundary sh ipe each K value) as boundary shape corresponding to K . the 


ws tant stress along the gener 





Transverse Vibration of a Two-Span Beam 


Under the Action of a Moving 


Alternating Force 


By R. S. AYRE! ano L. S 


An alternating force (for example, due to unbalance in a 
locomotive driving apparatus) moves across a symmetrical 
two-span beam (or equivalent bridge) with uniform veloc- 
ity. The stress-time equations for the three time eras 
of the problem have been derived by classical methods. 
The experimental part of the investigation employs a me- 
chanical system with wire resistance strain gages. Reso- 
nances from the first through the sixth mode have been 
investigated. There is good agreement between theory 
and experiment in so far as number and location of reso- 
The discrepancy in amplitude is to 
be expected due to the omission of damping in the theory. 


nances are concerned. 


The most important observation is the ‘“‘multiplicity of 


resonances”’ associated with ‘“‘each’”’ natural mode. 


NOMENCLATURE 
The following nomenclature is used in the paper 
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time 
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to its neutral axis 
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l 
vo 
$ 


uniform horizontal velocity of point of application of 


alternating force 


mem 
, circular f of alternating force 


requency 


a circular frequency relating to horizontal move- 


ment of alternating force 


number of eveles which force makes in crossing two 


spans (for purposes of simplification, m has been re- 


stricted to even integer numbers) 
radius of a wheel which rolls along beam 
number of a natural mode 


the ith root of fre quency equation 


2 
ny*p 


na 


cireular 1 
Elg 
Ay 


mode 


iitural frequency of the ith mode 
2 
e 


i? 


circular natural frequeney f fundamental 


, ne tural period of damental mode 


fur 


sin, cos + 


onstant for 7th term, where 
cosh 


sinh ny 


0.0279; Ny = 


0.00121; Ne = 
0.0000526, 


INTRODUCTION 


This investigation is the second of a series which relates to the 


While 


force 


effects of traveling loads on beams of more than one span 
the first the ol 

traversing a symmetrical two-span beam wit 
l 
with uniform velocity along the beam. 


was concerned with action a “constant’ 


} 


1 uniform velocity 


> the present deals with an “‘alternating’’ force which moves 
rhe problem has prac- 
tical importance in the study of the effects of unbalanced driving 
in vehicles of The histories of the 


mechanisms various types 


8 similar 
P 


5), who deal with beams of 


1 
two problems are 


are to S 


quite The principal references in the 
r 3) and Sir Charles | 

4 4 single span. To our 
knowledge there has been nothing published on the effect of an 
} 


present case Timoshenko (2, 


Inglis 


ilternating force moving across a beam of more than one span. 


It is assumed, as in the previous case, that the beam is of uni 


orm mass and cross Section, is free to rotate at all supports, is of 
slender 


proportions 


shear distortions and rotatory inertia may 
} 


be neglected), contains negligible damping, and that there is no 


mass associated with the disturbing force The basic mathe- 


matics of the two problems 
I 


of the present 


ire similar, involving application of 


Hence the 


4 presentation of 


} 


’s equations mm 


mathematics 


the 


grange 


paper s beer 


* Numbers in parentheses reler 


the Bibliography at the end of the 
paper 
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stress equations. The experimental apparatus, employing elec- 
trical recording of strain, is essentially the same as in the earlier 
problem with the exception of the loading device 

As may be expected, a moving alternating force has, in general 
More- 
these effects manifest themselves at much lower velocities 
Probably the 
most interesting feature of the problem is the multiplicity of reso- 
that 
there are two resonance peaks related to the fundamental mode 
two peaks to the third 
fifth 


a greater dynamic effect than a moving constant force 


over 


and are therefore of greater practical importance 


nances associated with each natural mode It is shown 


three peaks to the second mode four 


peaks to the fourth: two peaks to the five peaks to the 


sixth: ete 
THEORY 


An alternating force P. cos wot moves across the 


The Problem 
beam with a uniform velocity v. In the general case a phase 


angle will be associated with the force; however, the omission of 


the phase angle simplifies the equations and results in no signifi- 


cant error in the stress maxima provided that a reasonably large 
number of force cycles oceur in crossing each span of the beam, 
suy,5. In many practical cases the alternating force is the verti- 
cal component of a centrifugal foree which arises from an un- 
balance in a vehicle driving mechanism rolling along the beam; 
the forcing frequencies are then proportional to the velocity and 
The 


inversely proportional to the radius of the wheel. first- 


order forcing frequencies are therefore 


The parameter m is one of the important variables; it has been 
restricted to even integer numbers in order to eliminate further 
complications due to phase angles. Since from the practical 
st indpoint values of, » equal to 10 or greater are of interest, the 
limitation does not result in important gaps in the investigation 
It will later that 
proportional tom 
The Stress Equations 


2a, 2b, and 3a, 3b 


appear resonance stresses are approximatel 


The terms of the stress series are given 
by Equations [la, 1b the co-ordinate system 
is shown in Fig. 1. The functions of z, appearing at the ends of 
they are 
called 


modes an 


the equations, describe variation in stress with location 


characteristic of the natural modes.‘ These functions, 


location functions, all have for the even-numbered 
absolute maximum value equal to 1/2 in contrast with those for 


The 


remaining functions include time functions, the two resonance 


the odd-numbered modes which have a maximum of unity 


functions R; and R,, and in the case of the free vibration era (c) a 


term (sin pyr/w or cos p,r/w), which determines whether or not 


the beam will continue to vibrate after the force has passed over 


Discussion of Limiting Cases 


Ifvm _ : w a the stresses approach zero 
, PI 


If », w, wo are small quantities, the problem becomes a 


static’’ one in which a sinusoidally varying force of maximum 


value P. slowly crosses the bean 
3 1f0<. 0<w< ” 0; the 


alter 


force becomes a constant problem reduces to 


nating 

that of the constant moving f 
t If 0, w 0: O 

iltert 


sults with a statior 


fixed locatior 
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Lower translatory resonance, 


Upper translatory resonance 


rhe term “‘translatory resonance”’ identifies these resonances with 


thei physical origin, namely, the translation of the altern ating 


disturbing force along the beam. Intuition tells us, although the 


equations do not show it explicitly 


the condition of sta- 


The 


involves 


that 


tionary resonance, we/P; = , must also be of importance 


has been adopted since it 


the related 


term ‘“‘stationary resonance’ 


only the frequency of the alternating force; in 


problem of the stationary alternating force it is the only reso- 


nance, We may also write, since w) = mw 


Stationary resonance 


P 
Thus the stationary resonance lies between the two translatory 


resonances The differences in frequencies are akin to positive 
and negative Doppler shifts 
The 


stresses may be derived from Equations [3a 


Translatory Resonance Stress maximum resonance 


and Those 


for the odd-numbered modes are given by 
Cr 


res 


max 


where t 9 x , and where the positive sigr relates to the 
lower translatory resonance, and the negative sign to the uppe 


The 


numbered modes 


fundamental mode is by far the most important of the odd- 
these resonances occur w/p, = 1/(m = 1 


with maximum stresses given by 


Note that if m is large the stress is approximately proportional t 
resonances in the 


m. Expressions relating to the translatory 


even-numbered modes are not of sufficient interest to warrant 


including them here 
In the case of the two-span bean 


Stationary Resonance Stress 


the stationary resonance is of particular interest only in the 
second-mode term where it results in nearly an absolute maximum 


) in approximation derived fron 
al values of 


ode 


orrect 


within 1 per cent for practi 


» resonance the second n 


response in 
portional to the number of 
varison of Equations [4a 


hat resonance 


4 similar conclusior 
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constant-moving-torce 


fundamental 


of the single span 


of the two-span be 


» second ' 


second-mode reson 


lamental. Thus 


a value of velocity » which is about 40 per 
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of the velocity required for second-mode resonance in the corre- 
sponding single-span system. 


Comparison With a Simple Oscillator. It is well known that 


in undamped simple oscillator, when subjected to a sinusoidal dis- 


turbance of finite duration, has a resonance response which is 


directly proportional to the number of cycles in the disturbance. 


This provides a comparison with the beam, for which similar 


proportionalities have been shown by Equations [4a] and [5 


EXPERIMENTAL METHOD 


Supe tion of 


po 
Force Problen 


and Separation Constant and Alter 
applied foree must always 


i combined loading, P + P, cos wot where 


nating- 
The experimentally 
be positive 


ee 


Ing 


theretore 


has been used. The effects of the two parts of the load- 


the p The 


e effects presents no serious problem for the fol 
lowing reasons a 


are separable due to rinciple of superposition 


separation of tl 


The alternating-force component of the load- 


ing sets up large response in a particular mode at uch lower 


The reso- 


nating-force term is mucl 


an 


velocity than does the constant 


th 


force component. (f 


magnification caused by 


‘ } + 


ce eff to 


ater to the 

the ‘ 

widely different and easily distinguisl 
A purely alternating loading of 

occurs in practice I 

1 ive 


due constant-force term, ce) If 


reso- 


wo components do overlap, they will have 


ible frequencies. 

a mechanical nature seldom 
it is genera issociated with some constant 
loading 


the 


regoing considerations regarding separation of 


two superimposed effects are therefore import ant 


loading device is the onl part of the ipparatus which 
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unbalanced weight, and so forth, compared to the total mass of the 
beam, varied from about 2 per cent, at the lowest velocities, to 


at the highest velocities 


0.5 per cent, The disturbing forces 


were therefore essentially “massless.” Some extraneous vibra- 
tion problems arose in the development of the force-carriage 
pulling-cord system. They were minimized by the addition of a 
balancing wheel 7, and a friction pad m. 
EXPERIMENTAL Resutts; Comparison With THEORY 

The results have been presented in four sets of diagrams in 

which stress ratios have been plotted as functions of a frequency 
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theoretical values of the natural-mode 
s have been computed The experimental work rep- 
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THeorericat Maxi- 
REGION OF 


COMPARISON OF EXPERIMENTAL 
Stresses FuNDAMENTAL-~Mopt 
RESONANCE 


AND 
(COMPONENT, 


Total number of cycle m= 10 


At locations giving maximum stresses 
i 3l 
nid-span points, i.c.,z = | 5 


of two resonance peaks in the fundamental mode; they relate to 
Note that the 
The poor agreement in ampli- 


the translatory resonances. Stationary reso- 
nance is unimportant in this case 
tude is to be expected due to the omission of damping in the 
theory; the discrepancy will generally be greater at larger values 
of m and smaller at lower values of m The experimental method 
of separating the natural-mode components is explained in refer- 
ence (1) 
Fundamental, Se 


(Fig. 4 Notice the 


sponding to the translatory resonances) in the fundamental and 


Third-M ode 


existence of two resonance peaks 


ond, and Resonance Regions 


corre- 


in the third modes, and of one major and two minor peaks in the 


second mode (the major peak is related to the stationary reso- 


nance ). As the number of forcing cycles m, 18 increased, the 


resonant velocities decrease and the required tuning” becomes 


sharper. The left-hand resonance peaks for the fundamental and 
third modes are theoretically higher than the right-hand peaks; 
the reversal of this relationship in the case, m = 20, fundamental 
mode, is due to experimental difficulties arising from the sharp 
tuning. 

The curves of funda- 


theoretical maxima for the 


mental and third modes have been drawn through the 


resonance 
maxima 


arising when 


Equation [4 
corresponding 


(Equation [5 As m increases the curves tend to infinity lf 
damping were included in the theory, the curves would drop to a 
level in better agreement with the experimental resonance maxima 
and would no longer tend to infinity. The agreement between 
theory and experiment at resonance is somewhat better in the 


second mode than in the fundamental and there is good agree- 


ment in the third mode. 


~TRANSVERSE VIBRATION OF 


TWO-SPAN BEAM 


Method 


The resonance regions may be compared in a more condensed 


{nother Regions (Fig. 5 


of ¢ omparing Resonance 


manner than is possible in Fig. 4, if it is noted that the reso- 
nances are grouped about the value of the frequency ratio, ox 
The vertical dashed (m = 10 


20) lines lie at the translators 


iw 
1 (stationary and 


dotted 


resonance ) 
m= -resohance Trequen 


C1ES, wo / py = m/(m =F see Equation [4 The experimental 


work was not carried to velocities high enough to complete the 
data in the fifth and sixth modes when m = 10 
The maximum stress at the lower and upper translatory reso- 
nances is a good approximation to the greatest maximum in the 
first, third, and fifth modes 


stationary 


In the second mode the stress at the 


resonance is very nearly equal to the greatest MaxXi- 


mum. In the fourth and sixth modes, the relationship is more 


complex, and simple resonance calculations are not of great value 


The width of the resonance band increases as the number of the 


mode increases 


The magr itude and position of the peaks relating to the even 


modes may be determined from Equation [3b In the region 


of resonance the maximum stress is given approximately by 


where i 


where the location function has been taken at its maximum 


value, = V2, and where the time function has its maxi- 


mum value of unity Of the two terms within the bracket, the 


first term alone can be used to determine the positions of the 


peaks. Only in the case of the second mode are tbe peaks ver 
closely related to the two translatory resonances and the statior 
ary resonance It has been shown by calculations based upon the 
loregoing analy sis that there are three, four, and five peaks asso- 
ciated with the second, fourth, and sixth modes, respectively 
A consideration which is more important than the exact number 
of peaks is the relative width of the resonance band. An estimate 
of the width and location of the band can be determined very eas- 
ily by calculating the translatory resonant velocities 
Comparison of Component Stresses With Total Stresses (Fig. 6 

and X\- 


and fifth 


response The 


Che upper diagram shows a further comparison of theory 
There is good agreement in the third 


affect the 


periment fourth 


modes; damping did not strongly 


fundamental and second-mode resonance regions overlap each 
Pp = 
the third and fourth modes is much more pronounced ( p, 1.26 


other slight! 1.56 P The overlapping of resonance in 


ps. The fifth and sixth modes can be expected to overlap still 
more (ps 1.17 pe 


The 


fundamental 


total” stresses at mid-span are composed uinly of the 


cept that at very high veloci- 


It is to 


at the two mid-span 


ind second modes, ¢ 


ties the fifth mode also becomes important 16 expected 


points should he 


that the stress pictures 


similar, but they will not be identical due to the transient nature 


of the phenomenon The total stresses at mid-support are made 


up only of the even-numbered components, and of these the sec- 


ond mode is by far the most important except at velocities in the 
region of resonance with the fourth mode 

At the peak corresponding to the lower resonance in the funda 
mental mode the value of the experimental total stress ratio 
at mid-span is about 6.2, while the ‘‘fundamental'’-mode stress 


ratio has a value of 5.7 The difference is about 10 per cent and 
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bu 5 Experimental CompPartson oF Resonance Recions 
Mopes 1 to 6, m = 10, 20 
as functions of «wo/p At locations giving maximum 


tre 
s Ssses 


At the peak 


corresponding to the stationary resonance in the second mode the 


is due mainly to the presence of the second mode 


total stress ratio at mid-support is 6.5; this is also the ratio for 
second-mode stress alone. The fourth mode, which is the next 
contributor to total stress at mid-support, contributes very little 
stress in this velocity range. Within the limits of measurement 
the total stress is composed entirely of the second-mode com- 
ponent 

The pe iks of the fourth-n ode component appear approximately 
in full value in the diagram of total stress at mid-support and to 
about one fourth their value, as would be expected, at mid-span 
The third mode makes no contribution at either a mid-span point 
or at mid-support. If total stress had been measured at a first- 
or third-quarter point, the third mode would have appeared promi- 
nently Note that a mode as high as the fifth can be traced 
into the total stress diagrams 

Fig. 6 provides an answer to the question: How many, and 
which, naturai modes must be included in a “practical’’ calcula- 
tion of total stress? The answer depends mainly upon location 

i upon resonance 

Example (Assume a two-span continuous girder bridge with 
span lengths / = 200 feet and with a fundamental natural period 
7 0.30 sec \ locomotive with an unbalanced driving mecha- 
nism and with driving wheels of 20 ft circumference ‘rolls 
across the bridge and in deing so set 
cycles n 20. Look 


(22) lies in the approximate range 0.04 to 0.10, resonance with 


s up a total number of forcing 
ing at Fig. 4, we see that if « Pi = (ru 

either the fundamental or the second mode may result The cor- 
responding range in miles per hour is 36 to 91 One means of 
avol ling resonance vould be t« operate at speeds above this range, 


but this has the obvious disadvantage that the unbalanced force 


I 
>» would | atly inereased sinc I, it vs : th 
I woul ” greativy increased since, in general, it varies as the 


square of the velocity 


An important comparison can be drawn between single-span 


and two-span continuous bridges. The fundamental modes of 
the two ty pes correspond, but the “‘second’’ mode of the single- 
span system is comparable to the ‘‘third’”’ mode of the two-span 
system (1 The lower-resonance region for the 200-ft single- 
span bridge would then be approximately w/p, = 0.04 to 0.065, 


or 36 to 59 mph 
CONCLUSIONS 


1 The maximum stress at resonance is approximately pro- 
portional to the number of cycles which the alternating force 
makes in crossing the beam 

2 There may be several resonances associated with each na- 
tural mode; the number of resonances depends on the numbe 
of the mode and on the number of spans in the beam For ex- 
ample, in the case of the two-span beam there is a total of five 
resonances associated with the first two modes 
3 The first two natural modes are both of primary importance 
in the two-span beam, in contrast with the already known fact 
that the fundamental mode alone usually gives satisfactory 
answers for the single-span case The question of which modes 
to consider depends on the forcing frequency, i.e., on the velocity 
with which the alternating force crosses the beam, and on the 
location at which stress is being calculated. In the near neigh- 
borhood of resonance, the resonant mode alone often gives suffi- 
ciently accurate answers 

| When there is more than one span there is an overlapping 
of resonances. In the single-span case, the second-mode reso- 
nances occur at velocities about 4 times the resonant velocity of the 
fundamental mode, but in the two-span case the second-mode 
resonant velocities are only about 50 per cent higher than the 
fundamental 
5 There are two principal limitations on applying the results 
of the investigation to practical cases, namely, that damping in 
the beam and in the loading device must be taken into account, 
and that some ass is always associated with the alternating 
force vehicle If the moving mass is a fairly large percentage of 
the mass of the beam the natural frequencies of the system will 
vary as the load moves across the beam The general effect will 
be a reduction of resonance response. It is planned to investi- 


gate these limitations in the future 
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Soap-Film and Sandbed-Mapper Techniques 
By A. D. MOORE,' ANN ARBOR, MICH 


A new photographic method for indirect measurement 
of a soap film is presented. Only one photograph is taken 
of a spiderweb grid as reflected by the film; the picture is 
analyzed to find contour lines and lines of maximum slope. 
Thus the film need last only long enough to be photo- 
graphed. A fluid mapper of the isolated sandbed type is 
shown to be an analog for the soap film and, therefore, 
for the torsional stress situation in a shaft of like bound- 
ary. Thus sandbed techniques might replace soap-film 
techniques. The sandbed mapper also is an analog for 
other noncircular two-dimensional distributed source 
situations, such as the following: Field of a space charge; 
heat flow, with uniform heat production in the volume, 
the boundary being an isothermal; eddy currents in a 
plate (or section of lamination) uniformly pierced by a 
changing flux; magnetic flux in a volume of iron of con- 
stant permeability, the iron being (axially) a conductor of 
uniformly distributed current; streamline fluid flow in a é ATUS POR PHOTOGRAPHIN 
long straight tube (sandbed isopressure lines corresponding Pie 
to the tube’s isovelocity lines); and chemical diffusion, 
with the diffusing material uniformly appearing or disap- 
pearing throughout the volume. Since the sandbed is an 
analog for the soap film, the soap film is also an analog 


for these other situations. 


INTRODUCTIO 


N a shaft of arbitrary section, finding the torsional stresses 
an be verv difficult If aslightly inflated soap film is formed 
mn a plane base (film boundary being a copy of shaft bound 

ary), the contour lines correspond to lines of maximum shear 
This is a brief statement of the well known “soap-filr BNA 
However, the matter of measuring the fil fers its own d 
ulties 
In 1944 the author invented a photographic method for meas 
ing the film Dt mily recently has time been available for per- 


fecting the method This method will be described first 


APPARATUS FOR Soap-Fitm PHoroGRapny 
Looxina Up at Spiperwes Grip 

The apparatus shown in Fig ] Above the table is a prece amera lens s! s in center hole 
of masonite, with the spiderweb-grid drawing attached The 
illuminated grid, Fig. 2, has 16 radials, and concentric circles 
lettered A to J. On the table is laid a drawing of radial lines 
only, matchir g the grid radials and located directly below them 
Plate glass rests on the drawing 

rhe ring for supporting the soap film, Fig. 3, is made of 1-in 
wide brass strip, bent to the boundary shape, with ends meet- 
ing and soldered Ihe upper outer edge of the ring is beveled to 
provide hin liy The ring has a bottom and a nipple for tak 
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ing the inflating tube. The ring is inverted, dipped in soap solu- 
tion, and set upright on the plate. After inflation, the tube is 
clamped. A gage with a pin soldered to the screw can slide on 
the plate and be used to inflate to a given film peak elevation. 

Looking down through the hole in the grid mount, one sees 
the film and its warped grid reflection. The eye is then re- 
placed by the lens mount of a camera, the lens center being ap- 
proximately in the plane of the grid. The vertical distance from 
grid plane down to ring top is 16.5in. In the analysis later, this 
distance is taken as unity. 


PHOTOGRAPHY 


The reflection is weak, but an adequate photograph is easily 
secured. The inner surfaces of the ring box must be blackened, 
or reflected light will overpower the weak film reflection. The 
images of the reflected grid lines occur at various levels below the 
soap film; therefore a sharp picture of all lines could not be 
secured with the 5 X 7 camera initially tried; its focal length 
was too great. The 5-cm focal length of a 35-mm Exacta camera 
worked very well. 

A large print is needed for analysis. The prints so far used 
have been blown up from the negative by a factor of about 15 
The trick in printing is to get the lines dark enough, yet leave the 
soap-film area light enough to facilitate the graphical work. 


IpeaL Versus Actual PosstBILITIES 


Ideally, the soap film would be placed on the camera axis, with 
its greatest dimension made very smal] compared to the distance 
from soap film to lens. It is easily seen that then a reflected 
grid circle would be a line of constant slope for the film. But 


the photographic image would be very small, and it is doubtful if 
emulsion grain size will permit an ideal setup to be approached. 


Therefore the largest dimension of the soap film must be a con- 
siderable fraction of the vertical distance named previously 
Displacement of reflecting areas from the axis at once greatly 
complicates the analysis. If the complete theory of the optical 
geometry were accurately used, the analysis would be very com- 
plicated, and not worth doing. But if the setup is held within 
given limits, approximations can be adopted by which the analy- 
sis is greatly compressed; yet high accuracy is retained. 

Approximation (1) consists in ignoring the elevation of a soap- 
film point above the film base, in the analysis. The error thus 
introduced is very small. 

Grid-Circle Radii and Nominal-Slope Values. In Fig. 4 let OU, 
the 16.5-in. distance from grid plane to soap-film base, be taken 
as unity. A point on the film surface on the axis at U, if tilted 
by the angle @, reflects a point N of the grid, along OU, to the 
ON is tan 26, and film slope is tan @ 


lens. A grid circle of radius 
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ON then has tan @ as its “‘nominal slope value.””, When N is seen 
at U where there is no lateral displacement, the actual slope is 
identical with the nominal slope for the N-circle 

Convenient nominal slopes are adopted as in column 2, Table 
1. Corresponding values of tan 2@, column 3, are found, and 
used for drawing circles A, B, C, etc., on the grid 

Displacement of Film Surface Parallel toON. 
film surface at S, Fig. 4, displaced by US from the axis, reflecting 
Point S is in the vertical plane 
It would appear 


Now consider the 
a grid point N to the lens 
OUSN, with its axis of tilt normal to this plane. 
to have the nominal slope of the N-circle, but its actual slope is 
What is its slope? 

SV is vertical. ON OV = 
OV is tan 8, thus 8 can be found. SM is the bisector of angle 
OSN, and is norma! to the film at S. Angle VMS is 1/2 (a 
8),and VM = tan 1/2 (a—- 8). WM is the desired slope 

Adopt convenient values of displacement OV, as at the col 
umn heads, last seven columns, Table 1. WVM-values for all 
such, and for all A- to J-circles, are worked out. Since OM = 
OV + VM, all corresponding values of OM are found and given 


less. 


tan a. Thus a@ can be found 
] 


in the table. 
A chart of OM:OV (not included herein 
curve of OM versus OV for each circle 


was prepared, with a 
Any desired OM-value 
was then readily found 

Further Displacement of Film, Normal to Plane OUSN 4 fur- 
ther displacement SR, Fig. 5, normal to the vertical plane, is next 
The film at R now reflects N to the lens. The plane 
and RM’, the bisector of 


allowed 
ORN is normal to the film at R; 
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Nominal 
Grid 
circle 
radii 
tan 20 
0.1004 
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0.350 
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0.400 
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MOORE 


angle ORN, is normal to the film. RP is vertical; angle M'RP 
is the angle of tilt from horizontal; the film’s slope is PM’ 
Also, PM’ viewed from above is the horizontal direction of the 


film’s line of maximum slope at R 


DispLacep aB IN Fic. 4, anp FuRTHER 
A 


NorMat To Prange OU N 


LECTING Fi_m 
DISPLACE 


“ident 
But analysis is 


1 pproximation (2 Vand M’ Taken as Coin The two 
bisectors locate M and M 
greatly shortened if they are taken as coincident The author 
finds that for VP of 0.2 or less, with OV 0.3 and 
0.3, and with the J-circle as the largest reflected, slope error due 
to approximation (2) is less than 1 per cent. Point M’ is then 
dropped from consideration. PM rather than PM 


the slope, a id as giving the direction of greatest slope 


as separate points 


held between 


is taken as 


A special scale, hereafter called the “scale, 


can be drawn on bristol board; 


If the photographic print were made just 


Special Scale 
it saves a great deal of time 
OU was taken as unity 
full size, one scale unit would be equal to the actual OU, or 16.5 
in. for this case. With a print larger than full size, the scale unit 
is longer, being dimension OU times the enlargement factor. 
Herein, the greatest film-ring dimension was 4.5 in., but the same 
dimension on the picture used was 9.55 in. The scale unit was 


then (9.55/1.5) X 16.5, or 35.0 in. long. Only that part from 
zero to 0.45 was needed. 
Film Ar alysis for Slopes 
of Fig. 7, and part of the undistorted grid 
at R and seen at P, is the 


The grid circles are drawn here to present 


Fig. 6 shows part of the reflection 
For instance, grid 
point N as reflected ntersection of 
circle A with radial 1 
the theory; they are omitted in actual analysis 

Lay the scale along ON, with its zero at O. Place a right- 
angle triangle against it, sliding it until the edge goes through 
P. Read OV. Go to the OM:OV chart, apply OV, read OM, 
apply OM to the scale, mark point M on Fig. 6. Shift the scale 
toread PM. PM is the slope and it gives the slope direction 

In this case, the 11 X 14 photographic paper was mounted on 
22 X 28 bristol board; all of the graphical work fell within the 


area thus provided 


Approximation (3): Taking OM Equal to Nominal Slope Value 
Much of the analysis work lies in finding OM-values, and laying 


them out. Table 1 shows that for the smaller circles and smaller 
values of OV, OM-values nearly agree with nominal-slope values 
in column 2. By holding OV to, say, —-0.1 to 0.1, and by limit- 


ing film inflation to reflect smaller circles only, OM could be held 


SOAP-FILM AND SANDBED-MAPPER TECHNIQUES 


a8 Usep in ANALYSI8s oF Soarp-Firrm Proto 


GRAPH 


Fic. 6 ConstTruction 


to within less than about 2 per cent of the nominal slope This 


might bring in a 3 or 4 per cent error in ?M, at most If such er 


rors are accepted, or if reduced by still narrower limitations, the 


OM:O\ 
plotted 


chart and its use are eliminated, and OM-values are not 


Instead, on the layout, circles are drawn whose radii 
ircles, radii being meas 


with the 


are the nominal slope values for the grid « 


ured with the seale. Circle intersections straight 


radials give the M-positions for finding PM-slopes and dire 
Much of the work drops out 


was not used; the 


tions 


Herein, approximation (3 range in this setup 


was such that s rors of some 12 per cent would have entered 


pe € 
in 


Lines of Greatest S ope 


The P Vf or 


short 


lope directions at reflected 


intersections can be indicated by lines. Curves can be 


started at the film edge and made t 
These are lines of maximum slope, which converge at the film 


follow these trend lines 


peak, and are orthogonal to the contour lines As is seen later, 
such a line pattern is obtained directly from the sandbed fluid 
mapper 

Film Elevations Along Reflected Radials. In Fig. 6, PQ is tangent 
Since the film's greatest slope is PM 
it is 


to the reflected radial at P 
and in the PM-direction, its slope in the PQ-direction is less 
equal to PM cos @, where ¢ is angle MPQ. The angle is meas 
ured and the cosine found; or, use of a cosine chart will! save time 
The mean of the two PQ-slopes for adjacent intersections, times 
the measured distance, very nearly gives the difference in eleva- 
tion, if the grid than that Elevation 
differences along a reflected radia! are added successively, so that 
an elevation curve can be plotted. With 16 radials there will be 
for radials 1 and 9, for example, are continua 


is no coarser used here 


8 elevation curves; 
tions of each other. Time is saved by using equal spacings for 


plotting. When used to get contour lines, positions taken from 


the elevation curves are put back on the photograph by inter 


polation 
Using the scale is the quick way to measure distances along 


reflected radials. However, these are short distances. It is 


more accurate Lo Use a gor vl ommert ial s( ale and convert 
Soap Fi Lines 


the elevation curves and used to plot contour 


Contour-line data can be read from 


m Contou 
line points on the 
photograph, Fig. 7. The contour lines st » are for levels at 
0.1, 0.3, and 0.7 d 


Soap- Film Peab 


own from peak to base 


Find the ations of all elevation 


peak elev 
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Contour lines and film peak secured by analysis 


curves. Plot, at equal intervals, numbering the abscissa points 
with the grid radial numbers this 
By inspection, one 
can tell with good accuracy where to spot the film peak (small 


Draw a smooth curve; 


curve’s peak gives the film-peak elevation 


circle), Fig. 7 

Discussion of Soap-Film Analyzed. Now, instead of thinking 
of using the elevation curves to find the peak elevation above 
the film base, think of going down: use them to find how far the 
film base is below the peak. They should all indicate the same 
difference in level, namely, 0.170 in., since the gage was used for 
inflating the peak to this level before photographing. Close 
agreement was obtained from the curves for where the soap film 
behaved itself by springing from the lip of the ring, or nearly so 
and was—for 


With a ring of this design, pull 


Some disagreement should have been obtained 
where the film was imperfect 
down is unavoidable; the sharper the ring curvature, the more 
the film base is pulled down below the ring lip 
This also means that the contour lines shown are for the actual 
and somewhat imperfect soap film, rather than for an ideal film 
springing from a plane base 
Tue SanpBep Maprer 
Hele-Shaw? did a 


great deal of splendid pioneering work, proving that streamline 


A half-century ago in England, Professor 
flow of a real (viscous) fluid could stimulate magnetic and other 


He 


a very thin uniform flow space between two rectangular pieces of 


fields, and carrying out experimental verifications created 
long sides being sealed 
With 


Sut 


plate glass, the Injection of dye streams 


made streamlines visible in unmodified flow space, the 


then, Hele-Shaw modified the 


means of paraffin applied to one 


flow would be rectilinear 


thickness of flow space at will, by 
desired 


plate and scraped down as Two-dimensional curved 


flow resulted, the fluid tending to avoid the thinner space, and 


1“Lines of Induction ir 
and Alfred Hay, Philosophical 
pp. 303-328 


Field,” by H. 8. 


Transactions 


Hele-Shaw 
195, 1901, 


1 Magnet 


series A, v ol 
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ap Fim 
is dark 


ECTED BY 


amera lens, as reflected rval near center 


to gather into the thicker space. Magnetic fields through regions 
of differing permeabilities were thus accurately simulated 
Desiring to go beyond Hele-Shaw’s work and to make fluid 


flow portray the difficult phenomena concerned with a “‘dis- 
tributed source, 


fluid 


the author invented the “sandbed” form of 
1943 


flexible and costly, which may be why they died soon after birth 


source in Also, Hele-Shaw’s techniques were in- 
and the author wished to develop flexible and cheap techniques 
Time was found for these developments in 1948-1949. The lower 
Hele-Shaw plate has been replaced by a slab of artificial stone, and 
the sandbed techniques have also been worked out. These new 
“fluid mappers”’ are described in an earlier paper,* which may be 
consulted for details not included here In the sandbed type of 
fluid source, a permeable bed of constant depth provides a uni- 
formly distributed source of fluid in the flow space 

The ring box in Fig. 3 now bee: 


has a level 


ymes a sandbed receptacle. It 
The 70-mesh 
The screen is in turn supported 


screen, mounted about halfway down 
screen supports the sandbed 
by spaced brass rods 

The box 


author 


There is a plenum chamber below 
be 


easier bottoming technique 


bottom may metal, soldered in place, but the 


has found an Mix some 
dental stone plaster (see earlier paper?) and spread it on plate 
glass to a thickness of '/,. in. or a little more. Place the ring 
down on the plate through the plaster, using it as a cookie cutter 
Tap it to settle the plaster 


off the pl ate, 


When plaster sets, immerse, slip 
break off outside plaster, and the box is ready 
In Fig. 8 the tray bottom is covered with white paper, to assist 
the photography. On it is plate glass, invisible. The box sits 
on the lower plate, as do three brass posts, all as high as the 
ring 
tank, 


poured 


The plenum chamber of the box has been connected to the 
4 corner of which shows at the left. Tray water has been 
in to a depth to cover the upper plate when it will have 
been placed. Air has been cleared from the tube, and air under 


the screen has been sucked up through it 


‘Fields From Fluid 
Applied Physica, vol. 20 


Mappers,” by A. D Journal of 


1949, pp 


Moore 


August 790-804, 





MOORE 


Fie. 8 Preparine To Buitp a Suorren Nickel SANDBED 


The “sand” used here is a nickel shot, some 18 mils in diameter 
(at this writing, nickel is still unobtainable on the open market 

copper shot is usable and can be had). Shot has been poured in, 
about enough to fill. Preliminary leveling is done with a small 


The medicine dropper (see earlier paper*) is 


piece of plate glass 
used to remove or add small amounts, until, when the test plate 
rests on the ring and is moved, nearly all top grains move slightly 

Spacers (three washers checked for equal thickness) are laid 


on the posts. These will give a flow space of about 37 mils be- 
tween the sandbed surface and plate, when the top plate is placed 
on the spacers. Any uniform spacing of around 25 to 50 mils 
will do for the present sandbed. These “isolated” sandbeds are 
very easy to build 

Demonstration and Test of Sandbed. Potassium-permanganate 
crystals are sprinkled, which sink to the sandbed and rest thereon 
The plate is placed over the bed, on the spacers. With tank water 


above tray water, upflow occurs through the sandbed, and fluid 


Fic. 9 


( Visible flow lines colored by methylene 


SANDBED OPERATING 
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uniformly appears on top—-only to flow away in all directions 
in the flow space, arriving orthogonally at the isopressure bound 
ary. The pattern appears at once 
on the bottom of flow, hence are somewhat disturbed and broad- 
ened by the sandbed grains. However, this is a quick method 
for demonstration purposes; and it is a quick test for defects; 
such as an air bubble under the screen 

Producing a Sharp Pattern. A sharp pattern, with the lines and 
the kernel clearly delineated, is obtained by forming colored 
streamlines on the flow ceiling. A template ie made of bristol 
board, it being a copy of the boundary. Place it on the (dry) 
upper plate. Clear “nail polish’ (Cutex) is applied to the plate, 
around the template. Crystals are sprinkled on it while sticky 
Place the plate so that the ring of crystals ocours all around the 
Lower the tank to make the sandbed become a uni- 


The colored flow lines are 


boundary 
form sink 

Methylene blue in the form of hard little lumpy crystals will 
give very sharp lines—-such having been used in Fig. 9. (The 
author is still ardently seeking a source of supply for this mate- 
rial. His personal supply was recently increased by a few grams, 
when a bacteriologist friend unearthed an old bottle which he 
thinks came from Germany in 1914.) 

Similarity Between Sandbed, Soap Film, and Other Phenomena 
Comparing the film-contour lines in Fig. 7 with the flow lines in 
Fig. 9, one would suspect orthogonality. This can be proved by 
the Laplacian theory, or by the following simple argument: Be- 
gin with a part of a soap film, referring to Fig. 10. Here is any 
narrow element of the film running from the peak at O out to the 
base, confined between maximum slope lines. ‘Taking any part 
from O out to an are of width w (the are being part of a contour 
line) this part is in equilibrium. Tension forces on the curved 
radial sides are horizontal; having no vertical components, they 

With low inflation 


are ignored for our purposes I the upward 


force, close ly is due to the unifor n infl 4tion pressure, an i i8 pro 
lownward fore 


portional to the area considered The equals, 


approximately, the tension acting on the width w, times the slope 


AS A SINK 


blue crystals at edge, stuck to plate.) 





it arc w; the slope being dy/dr, dy being normal to the paper 
We then say 


Area a (dy/dr)u [1] 


Next consider, in a sandbed mapper of like boundary, a nar- 
row flow sector from the kernel at O, Fig. 10, to the edge. Fluid 
crossing the isopressure are w uniformly appears over the area 
from O to w, the rate »t w being in proportion to the area out to w 
Pressure drop dp over the fluid path length dr at w is proportional 
to dr/w and to the rate of flow. Thus 


(Area) (dr/w) a dp 


or Area a (dp/dr)u {2] 

Consider a heat-flow case, the boundary again being like that 
Let heat appear uniformly throughout the volume, 
The element, Fig. 10, now 


just given 
the boundary being an isothermal 
represents two-dimensional flow beginning at the hot spot O, 
bounded by heat-t 
For a given slice normal to the axis, the heat crossing w is in pro- 
The temperature 


two w lines, and going to the boundary 


portion to the originating area from O to w 
drop dt, for dr, is 
(Area) (dr/w) a dt 


Area a (dt/dr)u [3] 


identical form of these equations shows that similarity 


y 


\o 
dre 


0 


bic. 10 
BETWEEN 
Fivurp Flow 


ELemMent oF Soap Fit, 
ELEMENT OF SANDBED 
ELEMENT OF FLOW IN A 


Nakrow Curvep Secrortal 

Maximum Store Lines; or 

Between Fiow Lines; or 
Heat-Flow Case 


Finm-Contour Lines Ant 
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prevails; and the argument can be extended to cover other physi- 
cal phenomena mentioned early in the paper 

Sandbed Flow Lines Orthogonal to Film-Contour Lines. In Fig 
11 the contour lines were traced from Fig. 7. Then the tracing 
was placed over the flow pattern, Fig. 9, and flow lines were 
traced. The close agreement between the film peak 7’ and the 
sandbed kernel K meets a rather severe test of the similarity in- 
volved 

The systems should be orthogonal, and at most intersections 
this condition is well met. Among many factors tending to spoil 
the perfection, three will be mentioned: (1) Pull-down, and addi- 
tional observed imperfections at the soap-film edge, made the 
film imperfect. (2) Lack of true flatness of the screen caused 
perhaps 4 per cent variation in sandbed depth, with like varia- 
tion in uniformity of the fluid source. (3) In printing, the sand- 
bed picture came out | per cent larger than the soap-film picture 

Theory for Flow-Pattern The sandbed picture can 
be analyzed to find the isopressure lines 
the flow tube KAB. Enlarged, this tube appears in Fig. 12, cop- 
ied from an extra big enlargement 1B, the tube 
has been filled in with a number of “curvilinear squares.”’ For 
example, square | is bounded by AB and arc 1 for two sides, and 


Analysis 
In Fig. 11 consider 


Beginning at 


by the flow lines for the other two sides 

For those not familiar with “field mapping,”’ some theory is in 
Assume for the that the area described is a 
Let ab be drawn, this being a mid-isopressure 
line Also 
let a mid-flow line be drawn, dividing the flow equally. The 
Continue with such 


order moment 


curvilinear square 
its pressure is halfway between that of arc 1, and AB 


original area bas been carved into four areas 
regular subdivision; in the next stage, 16 areas appear, and so on 
If, in the limit, the infinitesimal areas approach true squares, 
then the original was a curvilinear square 

A curvilinear square always represents a volume in the field, 
into account. Curvilinear square 


axial dimension 


this property; in two-dimensional cases of heat- 


taking the 
volumes have 
conduction fields, electric-current flow, magnetic fields, fluid flow 
in fluid mappers, ete.—all the volumes, irrespective of size or 
shape of curvilinear square areas, have, within a given field, the 
same thermal conductance, or the same electrical resistance, or 
the same magnetic permeance, and so on 

Drawing Curvilinear Squares For quick approximate work, 
sketched in, 
described 


curvilinear freehand For better 


either 


squares are 


work, method about to be will give good 
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8 


A 


Fig. 12 


(Curvilinear squares have been drawn and tube is 


A Frow Tust 

ready for analysis 
accuracy, for curvilinear squares no more distorted away from 
being true squares than are those of Fig. 12. (1) The average 
length of two opposite sides will nearly equal that of the other 
two; a little “fiddling” with a compass enables one to mark off 
(2) Recommended; the author de- 


method in recent years, using the Lietz 


good areas with fair speed 
veloped the “circling-in 
Fit a circle into the outer end of the tube, Fig. 12, 
1 to touch the cirele 


circle guide 


touching at 3 places. Draw arc Continue 


likewise for square 2, and so on 


In this tube, there was room to put in 10 squares, before the last 
The undivided re- 


one became too small for good accuracy 


mainder would hold an infinite number of squares. it will not be 
forgotten The dotted ares ab, ed, ete., are shown here to help 


the theory in actual work, they are omitted; also in 


the solid ares 1, 2, 3, ete 


present 
routine work need not be completed 
marking their positions when circling-in is sufficient 
Flow-Pattern 
flow resistance, th 
to the rate 
1B out of square 1 is greater than fluid crossing are 1 into square 


ina Since all squares represent the same 


/Sis 
pressure drop over a square ts in proportion 
at which fluid passes across it. Now, fluid crossing 
1, since some flow originates within square 1 But nearly enough, 
may take the fluid crossing square | as 


that for 


for narrow tubes, we 
constant, and equal to that originating in the area Kab 
square 2 originates in area Aed, and so on 

is closely found by 


1, the 


The area abed (also a curvilinear square! 


squaring the chord length of are 1 In Table 2, column 


000 P—-———__ 
—— 








7098 7 é J 
Are Number —r 


Fic. 13 
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rABLE 


5 


4) 
Down 


COesssa / 


Pewee 


+ 60 for 
remainder 


zs 


numbers of squares and ares are listed; chord lengths, measured 
in any desired units (0.1 in. being used here 
The 


triangle, measuring the altitude 


are in column 2, with 
irea is treated as a 
The 


adding machine is used to fill column 4, by summing column 3 


their squares in column 3 remainder 


along the curved path 


from the bottom up. For example, the area causing flow across 


square 5 is found to be 60.5, beir g the remainder area, plus areas 


around the 5 inner ares. The figure opposite a square number in 
column 4 is the relative pressure drop over that individual square 

Column 5 is filled by summing column 4 downward, giving the 
“total” relative pressures at the are positions, the base AB being 
taken as at zero pressure 

The pressure drop for the remainder poses a special problem 
To solve it, assume that the flow in the region from A to are 8 
is the same as if the curved triangle were an undistorted triangle 
The 
quare of the 


a circular distributed source 
drop in pressure from A out then varies with the 


or simple radial flow over 


radius (corresponding to a parabolic soap film, with change ol 
elevation from the peak varying with radius squared By meas 
uring the curved radii from A to ares 10 and 8, from knowing the 
drop between these two ares, and by using the law just cited, the 
drop from A to are 10 is yielded by a 
came out to be 60.0; which, added to 940.8 for are 10, gave a rela 
kernel of 1000.8. The total 
plotted against positions, Fig. 13, give 

At the left end of Fig. 11 


mainder may 


quadratic equation It 


tive pressure relative pressures 


1 smooth curve 


some tubes oceur in which a re 


be so very long and slim that it cannot be safely 


treated, alone, by the foregoing triangle method. In such cases, 


analyze two or more adjacent tubes by filling inward as far as 


good squares can be drawn; then throw a common isopressure ar¢ 


across them; combine the remainders into a single tube, and 


Revative Pressure Ccrave ror Flow 





298 JOURNAL OF APPLIED MECHANICS 


start a new series of squares; the remainder may then be amena- 
ble to triangle treatment. If not, take another combining step 

Isopressure-Line Locations. The 
found at the 0.1, 0.3, and 0.7 levels, going from peak to base 
If we go to Fig. 13 and find points that are at like fractional ver- 
tical distances from the peak pressure level, the corresponding 
isopressure points of the flow tube are located. These have been 
spotted in by interpolation, Fig. 12, and transferred by propor- 
tion to the KAB tube, Fig. 11. The agreement is close 

Limited Analysis. By either method—soap film or sandbed 
it is not required that the entire region be analyzed if the main 
interest is in local regions of high stress, high density, etc. Only 
that curved sector running out from the peak or the kernel, and 
taken broad enough to cover the region of interest, may need 


film-contour lines were 


analysis 


SEPTEMBER, 1950 
COMPARISON OF MetTHops 

Very few appear to have done much by way of direct soap 

The difficulties in repeating the production 

when the film breaks) plus 


him measurement 
of defect-free films of like inflations 


difficulties, between 


measurement must be discouraging. As 


photographic measurement 


direct measurement of the soap film 
as described here; and the sandbed method, for solving problems 
by analog, the author’s experience is too limited to warrant 


aking a final choice. However, sandbed-pattern analysis 


does appear to be simpler than analysis of the soap-film pho- 
tograph. Moreover, the soap-film analogy holds accurately only 
for near-zero inflation 

they 


In practice, kept moderate, but 


probably are permitted at times to be large enough to bring in 


soap-film slopes are 


Cor siderable error 





An Investigation of Ejector Design 


by Analysis and Experiment 


By J. H. KEENAN,! E. P. 


A one-dimensional method of analysis of jet pumps or 
ejectors is presented. The analysis considers mixing of the 
primary and secondary streams at constant pressure, and 
For the ana- 


lytical conditions considered, better performance can be 


mixing of the streams at constant area. 


obtained when constant-pressure mixing is employed. 
A comparison bet ween experimental and analytical results 
shows good agreement over a broad range of variables. 
Some experimental data on the length of tube required 
for mixing of the two streams are presented. A method 


for jet-pump design is given. 
NOMENCLATURE 
The following nomenclature is used in the paper 


a area, 8q It 
specific heat at constant pressure (ft-lb/Ib F) (186.79 
for air) 
specific heat at constant volume (ft-lb /Ib F) 
minimum diameter of mixing tube 
minimum diameter of primary nozzk 
unit mass by a unit force 


oct leration given Ww «a 


(32.17 ft-lb,, /see? Ib,) 


enthalpy (ft-lb/Ib) 
ratio of specific heats, c,,/c, (1 


, t for air) 
length of constant-area section 


Mach 


velocity of sound) 


number (stream velocity divided by local 


stream velocity divided by velocity of sound obtained 


with isentropic expansion from local stagnation 
conditions 

pressure, psla 

gas constant (1545 ft-lb/ F Ib-mole divided by molecu- 
lar weight) 

temperature, deg F abs 

stagnation temperature, 

mean stream velocity, 

specific volume ft'/Ib 

mass rate of flow, Ib per sec 

distance from primary nozzle exit 

distance from primary nozzle exit to beginning of con- 
stant-area portion of mixing tube 

mixed streams to area of 


ratio ¢ area ol primary 


nozzle throat (a2,‘a,) 
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of mass rates of flow, stream to 


secondary 
primary stream wu "/u 


ratio of stagnation temperatures, secondary stream to 


primary stream 
8 (refer also of g. 4) 
minimum cross section of diffuser 
initial stagnation state of primary stream 
cross section at minimum area Of primary nozzle 
cross section at exit of primary nozzle (for constant- 
area mixing z and | coincide) 
initial stagnation state of secondary stream 
cross section at beginning of minimum area of mixing 
tubs 
at end of minimum area of mixing tube 


cross section 


(state where streams are completely mixed) 


3 stagnation state of mixed streams 


Superscripts 
refers to primary stream 
refers to secondary stream 

INTRODUCTION 

A on 
consisting of the application of the 
to the 


dunensional analysis of the mixing of two gas streams 


equations of continuity, 
momentum, and energy design of 


Fliigel (1).4 He 


area and at constant pressure, but the 


ejectors was made by 


considered mixing at constant cross-sectional 


published results ¢f his 
Keenan and Neumann (2) applied th 
PI 


calculations were meager 


same method of analysis to « jectors with large ratios of mixing 
tube area to primary-nozzle area and relatively small ratios of 
They showed 


t between analytical and experi 


primary-inlet pressure to secondary-inlet pressure, 
in some detail the good agreeine! 
mental results 

The present investigation consists of an extension of the com- 
parison of analytical and experimental results for a greater rangt 
of variables than that presented in reference (2). The calculated 
results presented here are almost wholly confined to the special 
cases which are referred to as constant-area mizing and con- 
stant-pressure mizing 

Assumptions other than constant-area and constant-pressure 
mixing might be made and might well give superior results for 
However, all other cases investigated have 


that the results were 


certain conditions 
compli ated the analysis to such a ce eres 
open to serious question. No analytical device has been found for 
determining under all circumstances the mixing process corres- 
ponding to optimum ejector performan 

The assumptions selected have yielded a manageable analysis, 
the results of which are in good agreement with experimental data 


j , 


over the range investigated. By comparison of a few experiments 


with the analytical results it is possible to design ejectors to 
vecomplish a given purpose 


DescrirtioN or ArraRaTus 


The arrangement of the test apparatus is shown in Figs. 1 and 
e 


‘Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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2. Air is supplied to the primary nozzle by a two-stage com- by using constant-area sections of 0.400, 0.600, and 1.000 in. diam 
pressor. Between the compressor and the primary nozzle is a with primary nozzles of 0.100 and 0.200 in. throat diam 


large receiver to smooth out fluctuations in flow and a strainer to Fig. 3 shows some of the entran profiles used in the tests 
remove any solid or liquid particles carried by the air stream. A 
length of straight pipe is used to reduce disturbances in the air 
stream before it enters the primary nozzk Attached to the wall 
of the secondary chamber is a device for changing the position of 


the primary nozzle with respect to the mixing tube 


STRAIGHTENING 
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# ORIFICE 
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l 
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which is provided 
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4 gusomet mixing 
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streams between section @, where they are first exposed to each 
other, and section b, where mixing is complete. Equations [1], 
{2}, [3], [4], and [5] which follow apply to either constant-pres- 


sure or constant-area Mixing 


u J 
J + (p, Pray = 0 


a /o 


Momentum equation 


oa Yt 


Energy equation 


s[e(+E) Le) 


Continuity equation 


=("*) ("9 


Perfect-gas relations 


(x) of 
, 19) 


Constant-Pressure Mizxin7 Here section (a) becomes 


Fig. 4, and (6) becomes 1, also p, = p, Equations [1 


= Po 


{3}, [4], and [5] can then be combined to obtain a solution for V; 


as a function of p 


where 


2gk p,a 


Equation [6] with the other known quantities (p,, p,, 7';, 


and a) and the assumptions that processes i rand o 
reversible and adiabatic defines state 1 Th equation may also 


be solved in terms of dimensionless quantities, thus 
M,* 


whe re 


and 
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ANALYSIS, EXPERIMENT 301 
Values of M* have been tabulated for a wide range of values of & 
and pressure ratios in references (3, 4, 5) 

Diffuser inalysis After the 
located at 1, the analytical method for process 1-2-3 depends 


upon the nature of the diffuser assumed 


completely mixed state has been 


For example, the con- 


ventional relation for pressure rise obtained from reversible 


adiabatic diffusion would take the form 


Equation [8] adequately represents experimental results when the 


at section 1 is subsonic However, when V, is supersonic 


V gkRT 
approximation to experimental results obtained for supersonic 
diffusers. Reference (6 
sonic diffusers 


When supersonic flow exists at section | 


velocity 


i.e., Vi > , Equation [8] no longer gives an adequate 


shows experimental results for super- 


snd « transverse com- 


pression shock precedk s section 2, the pressure rise between sec 


tions | and 2 can be computed by combining Equations [1], [2], 
3], [4 Mach number M, for th 


where section a section b becomes 


tion 2. Then 


, and [5] with the definition « 


becomes section 1, and 


rhe pressure rise between sections 2 and 3 can then be com- 


puted by assuming reversible adiabatic diffusion as in Equation 


x 


hquations {1 2 $ 4 | can 


trea Mixing , and [5 
be applied to constant-area 


Here 
9) 


section (2 \ 


Constant- 
mixing for the where a a 


of Fig. 1, 


eas 
omes section 1 snd section b becomes 


wv M* 


section a be« 


solution fe may be obtained in terms of 


known quantities 


results for intermediate values of area ratio 


(a2 /a,) and pressure ratio (p,/p,) are shown qualitatively in Fig. 5 


unalytical 


either the static pressure ratio p:/p,, or the 


The ordinate is 


stagnation pressure ratio »,/p,. These curves show the calculated 


performance with and without a transverse compression shock 


preceding section 2 
The term shock 


compression which is characteristic of supersonic flow 


standing wave of 
The two 


correspond to the 


is used here to denote the 


roots of Equation |6), if neither is imaginary 


two conditions on either side of a shock 
To attain th corresponding to zero veloeity without 


shock, 


Thus, to attain 


pressure 


a convergent-divergent diffuser must follow section 2 


4 stagnation pressure at 3 equivalent to that be 


fore a shock, the diffuser must take the form of the dashed lines 


in Fig. 4 
In Fig. 5 the dashed curves show the for constant 
The 


xing, 


performance 


area mixing, that is, the primary-nozzle exit is at section 1 


solid curves show the performance for constant-pressure 


that is, the velocity is uniform at section 1, and the constant-area 


passage between sections | and 2 either serves no purpose or 


serves 48 a sho k-typx diffuser (6) 
In Fig. 5, 1 on the 


constant-pressure Case) corre sponds 


point curve for the static pressure after 


to the condition for 


mixing 
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which the stream issuing from the primary nozzle fills the cross- 
sectional area a, with no secondary flow. Sections zand 1 may then 
Moving along this curve to the right 
Because of the 


be considered to coincide. 
from A corresponds to increasing the area a,. 
divergence of the primary stream in attaining the area a,, for con- 
dition A, the pressure at 1 may be low enough to cause supersonic 
velocities of the secondary fluid if it expands from p, to p;. Thus 
when the area a, is made larger than a, the secondary velocities 
at x are at first supersonic 





= 


Resuvrs FOR INTERMEDIATE Pressure Ratios 
SHOWN QUALITATIVELY 


ANALYTICAL 


As the area available to the secondary stream at z increases, the 
velocity at z decreases until at point B it becomes the sonic value 
Further increase in a, results in subsonic secondary velocities and 
finally, at point C, zero secondary velocity occurs when a, is in- 


finite. At this point sections o and z coincide and since 


dD, P, @* hh = Ps 


it follows that p:/p, is unity 
Between B and C the curve usually passes through a point of 
This is the result of the opposing effects 


maximum flow ratio w 
of increasing area available to the secondary stream at z and de- 
creasing mass velocity there because p, is approaching p, 

Since at z the velocity of the primary stream is higher than 
that of the secondary stream, the velocity of the mixture at 1 can 
The 


transition from supersonic to subsonic velocity at 1 is indicated 


be supersonic when the secondary velocity at z is subsonic 


on the curve by the point marked 


= M, 


If velocities at 1 are supersonic, a shock with a resultant rise in 

pressure may occur between 1 and 2. The corresponding curve 
f 

The 


curve labeled “stagnation pressure after mixing’’ shows by its 


for p2/p, is labeled ‘‘static pressure after shock’ in Fig. 5 


ordinate the value of p;/p, corresponding to reversible diffusion 
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from the section where mixing is complete, to zero velocity. Th« 
point D on this line corresponds to point C and the point EF to 
point A. The point E represents reversible expansion of the 
primary stream to the area a, followed by reversible diffusion 
Ps 8 therefore equal to p,; 


back to zero velocity The pressure 


and 


The curve labeled “‘stagnation pressure after shock” shows by 
its ordinate the value of p;/p, obtained when a shock is present 
immediately after mixing. The difference between the stagnation 
pressure before and after a shock results from irreversibility in the 
shock. 

The point 


M, = M: 


moves to a higher pressure ratio as the area ratio a;/a, is de- 


creased, or as the pressure ratio p,/p, is increased. For a sufficient 
decrease in area ratio or increase in pressure ratio, the point C 
orresponds to supersonic velocity at section 2. Fig. 6 illustrates 
Point C’ 


corresponds to point C when a shock occurs between sections | 


the case where the velocity at point C is supersonic 


and 2. 

The dashed curves in Fig. 5 (constant-area mixing), show the 
values of the static pressure, p2/p,; the curve at the bottom of the 
figure (GA), corresponds to no shock and the curve above, (HF), 
corresponds to a shock between sections 1 and 2. The curves at 
the top of the figure show the corresponding values of the stagna- 
tion pressure, p;/p,. For no secondary flow with the primary 
nozzle exit filling section 1, the constant-area and constant-pres- 
F, and 


sure conditions become identical, as indicated at points A 


I 





STATIC PRESSURE AFTER MIXING 








Resucts ror Larce Pressure Ratios SHOwN 


rATIVELY 


Another condition of zero secondary flow is that for which the 


primary-nozzle exit area is less than a, but the pressure p; is 


equal to p This condition is re presented by the points G, H, and 
J. The point J indicates a value of p;/p, in excess of p,/p,, which 
indicates an adiabatic change of the primary stream from state 1 
to a state 3 of higher pressure and the same enthalpy. State 3 is 


evidently a state of lower entropy than state i and the condition 
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corresponding to point J is therefore an impossible one in view of 
the second law of thermodynamics. Since the entropy does not 
change between the condition corresponding to point G and that 
for point J, it follows that the condition for point G is also an im- 
possible one 
Somewhere along the constant-area curve between G and A, or 
between FE and J, is a point marking the boundary between im- 
possible and possible conditions of flow. This point has not been 
determined accurately \t the points AK and L the entropy at 
sections 2 and 3 is identical with the sum of the incoming en- 
tropies at iand 0. This condition must lie in the impossible region 


because the mixing process, being irreversible, raust cause an in- 


crease in entropy. Thus the boundary point must lie between K 
and A on the curve of p 
Ps/Pe- 

Although the condition for point H cannot be reached by shock 


p, and between L and # on the curve of 


from the condition for point G, since Gr sents an impossible 
condition, nevertheless the condition for point H might be at- 
tained by some other procedure. An example of such a procedure 
would be a shock in the primary stream after leaving the nozzk 
and before it had spread to fill area a,, followed by spreading at 


subsonic velocity. Further evidence of the possibility of the con- 


Fic. 7 ANALYT Resucts Por Reversisce Dirrusion 
dition for H is found in experiments for which values of p,/p 
closely approximating those for point H have been observed 

The fact that the analysis predicts conditions at. G which are 
impossible can probably be ascribed to the assumption that the 
pressure is uniform in the plane of the primary-nozzle exit 
Apparently this assumption is not always valid 

Sufficient decrease in area ratio a,/a, or sufficient increase in 
pressure ratio p,;/p, will cause the curves to retract to the left 
They vanish when the cross-sectional area of the primary stream 
at pressure p, 18 4) 

Fig. 7 represents quantitatively the upper portion of Fig. 5 
Curves of the stagnation pressure after mixing at constant pres 
shown 


sure, constant area, and at constant total entropy are 


Mixing at constant-total-entropy implies complete reversibility 
in the a condition which could be attained only 
by the 


sist, for example, of a reversibl 


mixing process, 


aid of reversible machinery. The m inery might con- 


turbine for slowing down the 
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primary stream and a reversible impeller for speeding up the 
secondary stream by means of the work from the turbine. The 


intersection of this curve with the curve of constant-area mixing 
corresponds to point L in Fig. 5 

It should be noted that even with reversible diffusion following 
mixing, a secondary flow 10 per cent as great as the primary flow 
reduces the stagnation pressure by almost 80 per cent, as com- 
pared with the The 
would be about one half as great if no irreversibility were to occur 


primary Stagnation pressure reduc tuon 


in the mixing process 
In Fig. 8 are shown the analytical values for an area ratio of 25 
der to 


and for pressure ratios p,/p,, ranging from 8 to 200. In 


improve the distribution of the curves over the chart, the square 


roots of p;/p, aud w rather than p;/p, and w themselves have been 
used as ordinate and abscissa, respectively It can be seen that 
the envelope for constant-pre-sure mixing lies above that for 
constant-area mixing Neither curve re presents the computed 
performance of a single ejector since any point on either curve re- 
quires a particular primary nozzle, and in the case of constant- 
pressure mixing, a particular shape of the mixing tube as well 
Fig. 9 shows the analytical vaiues for a pressure ratio p,/p, of 50 


and for area ratios ranging from 6 to 100 


roR CONSTANT-ARES NSTANT-PRES 


Mix 


SURE 


the 
at the Mach 


Fie. 9 TICAl ConsTANnT-AREA AND CONSTANT 


MIXING 


For these 
the sectio 
‘ 
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Results FOR CONSTANT-PRESSURE 
MIXING 

(For these curves the diffuser was assumed to consist of a transverse shock at 

mixing is complete, followed by a reversible subsonix 

diffuser.) 


Fie. 10) ANALYTICAL 


section where 


the 





a “ 


Fic. 11) Awnarytican Resuits ror ConsTant-Pressure Mixing 


For these curves the diffuser was assumed to consist of a transverse shock at 
aiplete followec »y a reversible bsoni 


fiffuser 


the section where mixing 


Figs. 10 and 11 present a summary of the computed results for 
constant-pressure mixing The data for these figures were ob- 
tained from a series of envelope curves, examples of which appear 
in Figs. 8and 9. The ordinate p;/p, in Figs. 10 and 11 is the ratio 
of the stagnation pressure after a shock following constant-pres- 
sure mixing to the initial stagnation pressure of the secondary 
stream. In each instance the performance represented here is the 
best value for the given conditions and for the assumption o 


shock after mixing 


¢ 
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CoMPARISON BETWEEN EXPERIMENT AND ANALYSIS 


Constant-Area Mixing. Fig 
calculated results for constant-area mixing for values of area ratio 
a,, ranging from 4 to 100, and of pressure ratio p;/p, from 11.24 
This comparison is made in terms of the ratio of meas- 


12 


compares the measured and 


( 
to 200 
ured to computed static pressure at the mixing-tube exit for a 
given value of the flow ratio w. In order to put all data on a com- 
parative basis, the abscissa of Fig. 12 is presented as the ratio of 
this given value of w to the maximum computed value. The data 
are shown in terms of the static pressure p, at the mixing-tube 
exit in order to simplify the experimental procedure by eliminating 
changes in the diffuser when the ejector geometry is varied. In 
general, the rise in pressure ratio from p./p, to p;/p, in experi- 
ments would be slightly less than that indicated by analysis. It 
has been demonstrated by test data, part of which are presented 
here as Fig. 13, that the diffuser 
ittached to an ejector of sufficient length is approximately the 


pressure rise across a subsonic 
same as for the same diffuser supplied separately with the same 
mass flow at the same mean pressure and velocity 

To obtain the experimental data on which Figs 
are based, the primary-nozzlke exit. was located at the entrance to 
the constant-area mixing tube, ic., at y/D = 0, and the mixing- 
length was in general that value of L/D which gave 


13 


12 and 


tube the 


highest value of p. 
For the calculated values the exit 
always that corresponding to isentropic exp 


area of the primary nozzle is 


ansion to the point of 


Lu 


° 


=200 


ARISON BetTween MEASURED AND CALCULATED 


orn ConsTant-ArgeA Mrixine 


SULTS I 


(P2) meos 


(Pe) col 


Subsonic Diffuser Efficiency 


09+ 


—— _ — — 


1) 
tw mox colic 
Comparison Between Measurep anp Catcutatep Re- 


Fig. 13 
Wits Sussonic Dirruser 


SULTS FOR CONSTANT-AREA MIXING 
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junction of the streams. For any one experimental curve, the 


is fixed. It was usually fixed to 


For this reason, among others, the 


exit area of the primary nozzle 
correspond to expansion to p, 
experimental curves should not be expected to correspond 
exactly to the analytical ones 

Fig. 12 shows that the measured value of the static pressure pe 
is between 93 and 99 per cent of the corresponding computed 
value for When, 


measured value of the flow ratio w approaches the maximum com- 


a broad range of conditions however, the 
puted value, the difference between measurement and computa 
tion becomes greater. This difference is most pronounced when 
the area a,” available to secondary flow is small compared to the 
area a,’ occupied by the primary stream. Then irreversibilities in 


the primary nozzle become important. These irreversibilities 
result in a greater cross section of the primary stream at the 
nozzle exit than the area computed on the assumption of reversi- 
bility If this increase in area is a large fraction of a,” the 
measured value of the maximum w will be smaller than the corre- 
sponding computed value 
When the area occupied by 


its finite thickness, is of the same order of magnitude as a,", that 


the primary-nozzk wall, because of 


is, when the dimensions of the ejector are small, the measured 
secondary flow will be less than the computed secondary flow. In 
the analysis this wall is assumed to be of zero thickness 

labeled a: /a, = 25 in Fig. 12, the dimensions of 
nozzle 


For the curve 
the ejector were small and the thickness of the primary 
wall was correspondingly important. Moreover, for a pressure 
ratio p;/p, of 200, the computed value of a,” was only 26 per cent 
| nder 
nozzle will reduce greatly the actual area available to the second- 
ary stream. The maximum observed value of the abscissa in 
Fig. 12 for this condition is therefore only 0.76 

It would not be a difficult matter to correct the analysis for 


of a,’ these conditions irreversibility in the primary 


irreversibilities in the primary nozzle and for the finite wall thick- 
ness of a given design. In view of the many design variables which 
are not specified in the analysis, it seems best to omit all co- 
efficients and factors for the sake of simplicity. Such coefficients 
of course may be introduced in any specifie design 


The computed values used in the comparison in Fig. 12 corre- 


spond to the curve labeled “‘static pressure after a shock”’ in Fig. 5 


One could, however, obtain a comparison on the basis of the static 
pressure before a shock if the pressure at the ejector exit were 
made low enough 

The schlieren photographs in Fig. 14 give qualitative informa- 
tion on the effect of changing the exhaust pressure. The primary 
nozzle in this instance was convergent and the pattern of two- 
dimensional shocks in view A is caused by the unguided ex- 
pansion of the primary stream and the subsequent reflections of 
This pattern is steady and is fixed by the 
visible in the left-hand 
They were 


In B the 


value of ps has been doubled, and a shock has appeared in the 


these disturbances 


geometry of the ejector. The striations, 


portion of the illustration, represent streamlines 


produced by allowing the air to flow over heated wires 


This is a “transverse shock” of 
It con- 


downstream end of the passage 
the kind found in the presence of a thick boundary layer 
sists of a mass of two-dimensional shocks extending between 
of the 


ejector and therefore fluctuates in position so as to blur the image 


boundary layers. It is not anchored to the geometry 


in the photograph. It should be noted that doubling the value of 
p» has not affected the value of w which is in both instances 0.057 
In Fig. 14 C, the value of p. has been raised until the shock has 
penetrated to the secondary inlet, and the value of @ has been de- 
creased to 0.052. In Fig. 14 D, the shock has passed the secondary 
inlet and has vanished in the subsonic region. The pressure at the 
junction of the two streams has been raised to p, and the secondary 


flow has been reduced to zero 
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Fria. 14 


section of 


SCHLIEREN PHOTOGRAPHS, ™ p 


uxing tube is 0.504 in. high 


When the shock ends at the exit of the constant-area passage, 
the experimental condition corresponds to the labeled 


When the shock is com- 


curve 


static pressure after a shock in Fig. 5 


pletely withdrawn from the constant-area passage by lowering the 
exhaust pressure, the experimental condition corresponds to the 
curve labeled “static pressure after mixing."’ The vertical portion 


of an experimental curve, such as may be found in Fig. 15, joins 


these two points with intermediate values which result from the 


finite length of the actual shock 





Comparison Between Merasunep ann Computep 


RESULTS 
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Constant-Pressure Mixing. The analytical results indicate that vhere Me,, the Mach number following a shock at M.,, is given by 
constant-pressure mixing yields results superior to those obtained 
with constant-area mixing. The reasonably good agreement be- 
tween experiment and analysis for the constant-area mixing indi- 
cates that the basic method of analysis is adequate to represent 
reality. Up to the present time, however, it has been difficult to 
obtain an accurate comparison between analysis and measure- 
ment for constant-pressure mixing because of the lack of a ra If it is assumed that processes c-d and e-3 are reversible and 


tional means for designing the shape of the passage walls between adiabatic and that a transverse shock occurs between sections d 


sections z and 1 ind ¢, the pressure rise from c to 3 can be computed from Equation 


It might be expected, however, that the experimental con 8], and the conventional relations for reversible adiabatic flow. 
ditions would approximate the assumptions for constant-pres The equation relating pressure rise and Mach number for the 
liffuser in Fig. 17 is obtained by assuming that a shock takes 


place at section d and that all other processes are re versible and 


sure mixing when the primary nozzle is withdrawn some distance: 
from section 1 and when the secondary flow is appreciable. The 
experimental curves in Fig. 15 for a y/D of 6 show values at the idiabatic 
“knee” of the curve which roughly approximate those of the con- 
stant-pressure analysis, 
It should be noted, however, that the computed curves labeled 
“constant pressure” in Fig. 15, do not represent the computed per- 
formance of a single ejector, since each point on these curves re- 
quires @ particular primary nozzle and a particular shape for the 
mixing tube. 
Points are shown in I ig 15 for a secondary entrance cone with 
an included angk of 4 de g for values of y/D of 6 and 8 Che 
measured value of w for a y/D of 6 is in close accord with 
the maximum computed value for constant-pressure mixing, the 
measured value of a y/D of 8 exceeds the maximum computed 
value by almost 20 per cent G17) Diagram OWING INTRACTION IN AREA BETWEEN See 
Since it is possible to obtain experimental values which exce — 2 or Nozze Dirruser 
the calculated value 8, the processes experience d by the stre 
must in some significant way differ from the assumed proce If it wssumed that the streams are mixed 6 diameters down- 
The difference may arise from inadequacy of either or both tream from the primary nozzle, then, for a y/D of 6, mixing 
assumptions regarding, respectively, mixing and diffusion. To vould be complete at area az, and the agreement between meas- 
test for pressure variation in mixing, stalic-pressure measurements irement and calculation should be good. This is consistent with 
along the wall of the mixing region were taken. These measure the data in Fig. 15. 
ments are shown in Fig. 16. For the cases in which y/D is 6 and 8, On the same assumption, for a y/D of 8, Fig. 16 indicates con- 
the pressure does not depart appreciably from a constant value ergence of the stream after mixing, with a consequent rise in 
for the first six tube diameters after mixing starts. For both pressure If a shock occurs following this convergence, the 
ises the mean velocity of the mixing streams is supersonic ficieney of diffusion will be greater than for the assumed con- 
a shock immediately after constant-pressure mixing 
ter value of w and the greater isentropic work of compres- 
ay be explained in this fashion 
he experimental curves for tl t-deg conical entrance appear- 
Fig. 15, are reproduced as curves A and B in Fig. 18. Curve 
calculated curve for the same minimum area as in the ex- 
In the calculations for curve D, it is assumed 
diffusion occurs through the maximum degree of 
on through which a shock will pass. The area corre- 
ding to complete mixing varies along curve D 


Curve B shows, as it should, a somewhat poorer performance 
‘ nT] yin I . ™ 
Pressure Disrrit best calculated value of the curve D. Curve B repre- 
(4-deg « . 
ormance obtained with this « pector with varia- 
. . loes not, presumably, correspond to the mini- 
Reference 3 indicates that a diffuser more efficient than the : I I , 
1 value of a,/a2 (Fig. 4). Any attempt to reduce a,/a; further 


withdrawing the primary nozzle will result in placing the 


transverse shock can be made if a contraction in area occurs be 


tween sections | and 2, as indicated by Fig. 17 
: : exit outside the convergent secondary inlet. 
For a supersonic diffuser involving a contraction, there is a 
" e ot Lan orrespo s ate to the 
value of tin ance satle a,fa, below which a desk oll est sam : her hand, corresponds approximately to th 
- vi the shox stsatt nad orf ~ tie t 
through the diffuser for a given Mach number _ at entrance ve shock exi it the end of the mixing section; tha 
T 7 ymputed cur : Conditions for curv $ »b- 
his value of the area ratio can be comp ted by one-dimensional nputed curve / tions for curve A are ob 


1 those of curve B by decreasing the value of y/D, that 
analysis from energy and continuity considerations if it is as , eu B by d easing th alue of y . tha 
sumed that the only rreversibilities pre , t encountered pi nININg | 1 toward the section of 
in a shock, that 


x secondary-entrance cone with values of y/D of 6 


ind 8, it is found that a discontinuity in performance occurs as 


he back pressure is raised. If the value of P2 is raised suf- 


ently high, the flow in the mdary inlet reverses in direction 
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Fie. 18 Experimentat Resucts ror 4-Deco Conicat ENTRANCE 
and cannot be restored to the original direction without lowering 
P2 appreciably below the value corresponding to the reversal 
This characteristic is consistent with the behavior of supersonic 
diffusers with convergence before the shock 


CRITERION FOR Best PERFORMANCE 


If two experimental values having identical ordinates are com- 
pared, then the one with the greater value of abscissa may lx 
considered the one of better performance. If two points on tie 
same curve or points on different curves having different values 
of both co-ordinates are compared, it is not immediately apparent 
which point represents the better performance 

For fixed values of p,;/p, and T,/T’,, it may be assumeu that the 
point representing the greater value of the isentropic work of 
compression of secondary fluid per pound of primary fluid is the 


better one. This is a comparison of the reversible adiabatic work 


quantities required to pump the amount of secondary fluid, cor- 


responding to each pound of primary fluid, from state 0 to py: or 
ps. This method of comparison is inadequate for points corres- 
ponding to different values of p,;/p, 
In Fig 15 are shown curves of constant is ntropic work of 
compression of secondary fluid per pound of primary fluid. For 
each point along any one of these curves the isentropic work 
of compressing w (the value of the abscissa) pounds of secondary 
fluid from state o through the pressure ratio corresponding to the 
value of the ordinate is the number of Btu indicated on the curve 

In comparing two curves of constant isentropic work, the one for 
the greater isentropic work corresponds to the better performance 

Thus, if the 

parallel entrance represents the best performance of Fig. 15 


t-deg entrance case is not considered, the 1.5-in 


tequirep Lenoru Berore Dirruser 


For purposes of analysis and also for control of the experimental 


variables, the ejector was considered to be composed of three 


parts or processes: namely, the entrance where the primary and 


secondary streams are accelerated before they meet, the mixing 


length where the stream accelerates the secondary 


stream, and the diffuser where the m.xed stream is decelerated to 


primary 


increase its pressure. It is assumed in the analysis that mixing is 


complete at the entrance to the diffuser or decelerator; conse- 


quently it was necessary to determine experimentally the length 


required for “complete mixing.”’ An effort was made to do this 
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by holding constant all variables other than the length before the 
diffuser and measuring the over-all performance of the ejector. 

Experimental observations indicate that the length required 
between the junction of the two streams and the entrance to the 
subsonic diffuser depends upon both the mixing process and the 
shock process. When the mixed flow is subsonic, the requirement 
of mixing dominates; when the mixed flow is supersonic, the re- 
quirement of the shock dominates 

The length required for the mixing process was indicated to be 7 
to 8 “mixing-tube’’ diameters in reference (2), where the mixed 
stream was always subsonic. Some evidence was found of an in- 
crease in the required length with an increase in p,/p, 

The schlieren photographs in | ig. 14 and reference (6) suggest 
that a length is required for a shock This is also evident in 
Fig. 19 which shows the variation in static pressure between 
sections | and 2. The lowest curve on this chart is for supersonic 
flow throughout. The other curves rise from this lowest curve 
and represent the pressure rise in the shock. The effect of a rise 
in back pressure is transmitted only to the upstream face of the 
shock. In this instance the tube seems to be of the proper length 
since, for maximum p:/p, at maximum w, the pressure does not 


effects before When the 


tube is longer than necessary 


decline from frictional section 2 


secondary flow is zero, the 











mc Pressure ALona Mixine Tune 


p 


. 
Best Lenora From Primagy-Nozzie Exir to Dirruser 


EnTRANCE, Expressep as a | 


Fie. 20 


UNCTION OF Pressure Ratio 


It appears from many different observations, not all of which 


are presents d here, that, re gardk as of the position of the primary 


nozzle relative to section 1, the total length from primary exit to 
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2 for best performance is nearly constant when the mixed 


section 2 
stream is supersonic. The ratio of this total length to the mini- 


mum diameter is a weak function of p,/p,, as shown in Fig. 20 
The nature of this funetion is much the same as that for a shock in 


a tube carrying a single stream. When the mixed flow is subsonic 


the functional relation is different 

Position of Primary Nozzle Even with the best value of the 
total length the performance 
with »/D, that is, the position of the primary nozzle. 


Instances 
21 


varies racically in some 


Fig 


MaximumM-FLlow Ratio Wrrn Nozze 


PostTIoNn 


VARIATION IN 


shows the variations in maximum with y/D for four different 
types of secondary inlet. The four curves have certain character- 
istics in common. (a) They show that for the conditions stated 
the primary nozzle must be withdrawn some distance from section 
1 to get good performance. This observation is consistent with 
the analytical results. (b) They show certain maxima and minima 
which corre spond to given nozzle positions, regardless of the type 


of secondary inlet. These maxima and minima correspond to the 


pattern of the primary stream which, because of some unguided 
expansion beyond the primary exit, repeatedly diverges and con- 
verges as it approaches section 1. Lt appears that if the expanded 
the Se condary 


part of the primary stream occurs at section 1, 
ind if the contracted part oceurs at section 


stream is obstructed; 
1, the secondary stream has best access. The crests and troughs 
in Fig. 21 doubtless could be reduced by proper selection of the 
primary-nozzle exit area. The effect of such adjustment 


has not been determined, but it seems probabk little im- 


exact 
that 
provement over the crests will result 

The persistent rise of the curve for the 4-deg conical inlet doubt- 
the convergent passage 
18 


less indicates supersonic diffusion in 
This feature was referred to in connection with Fig 


Exame Le or Eyector DesiGn 


An ejector using air for the working fluid is to be designed for a 


pressure ratio p,/p, 100 and a stagnation temperature 
. T/T, 1. This ejector is to pump 0.27 lb of secondary fluid 
It is desired to obtain the 


ratio 


7 
O24 


per Ib of primary fluid, i. , 


maximum pressure ratio p;/p, across the ejector 


Assume that the pressure-recovery process consists of a trans- 
mixed Mach number M,, followed by a re- 


verse shock at the 
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Mixing of the two streams is to take 


versible subsonic diffuser 
For these conditions there will be a 


place at constant pressure 
best value of p,/p, at which to mix the two streams 

The best value of p,/p, can be determined by an iteration proc- 
First, for a chosen value of p,/p, the quantities M’,* and 
Using these along with the prescribed 


M",* are calculated 

values of w and +, one may calculate.M,* from Equation [7] 
The value of p;/p; can be found from M,*, by conventional means 
for a normal shock, followed by isentropic diffusion. By repeating 
this procedure for various values of p,/p,, the conditions for 
maximum value of p;/p, may be found 

Equation [7] can be solved for M,* for the given values of w and 
r and for a chosen value of p,/p,. After M,* has been found, the 
value of r at 1 can be determined from the definition of M*. This 
value of r or M,* then determines the pressure ratio p,/p, for the 
issumed pressure-recovery process through the conventional ratio 
of the stagnation pressure after a shock at M;, to the static pres- 


sure before the shock. 
lable 1 lists figures compiled 
p, for the given cond \ mixing pressure p,/p, = 
ds the highest value of Ps/ Pe of 6.47. 

‘_, @,/a, corresponding to this value 


best. value of 
= 0.89 


to det the 


rine 


trons 


“he area ratios a", /a’,, a,/a 
Pp, can be compute d from conventional ise ntropie re lations 


0.0295 


0.001665 


0.0295 
0.114 


0.259 


k 


\" 


| 
(") yi-(2 

 - 
(23) ¥-(2 


the static pressure to the total pressure 


‘) 


ratio of 


6.47 l 0.202 


= 0.0398 
100 Vu 27)(1.27) 0.259 
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rABLE1 Dt 


M’. 


| 

k+1 [1 

A l 
0.0090 
0.0089 


0 0088 
0 OORS 


> 


If a”, /a’ a’,, and a,/a; are known, the design is determined 


» 
from a one-dimensional standpoint. At this stage in the design it 
becomes necessary to make some approximation regarding the 
of the region 
means has been devised whereby the shape of this section can be 


shape constant-pressure mixing No analytical 


predicted accurately. However, the results of a limited number of 
experiments indicate that a cone between a, and a; of length 
4. 7 


(y 2D) yields results that are a fair approximation to the 


of The best of 


(y + L)/D is approximated by means of Fig. 20. Then 


(" } 
} 
The constant-area section of diameter D between sections 1 and 2 


L)/(2D) 


account tor 


assumption onstant-pressure mixing value 


Vv 2.02 


15.5 


0.028 


l 


is then made of length (y 


Coefficients to irreversibilities in the subsonic 


diffuser and the accelerating nozzles, and for friction along the 
mixing-tube walls could be added to the design procedure should a 
more precise pre diction be desired In the procedure adopted he re, 
however, these effects are ignored in the course of the calculation 
An over-all allowance can be made for them by empirical factors 
which may be applied to the computed values of p;/p, and w. For 
example, an ejector designed according to the foregoing method for 
1 0.2 in 


of the 


vielded a measured value of p;/p, equal to 86 per cent 


computed value at a measured flow of 85 per cent of its 


computed valu 
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BEST VALUES OF p 


a -* M’:* + wM"2* vi 
(**) ] Vil + ! 
107 
108 
109 


113 


(2)(%) 
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A Mechanical Analyzer for Computing Tran- 


sient Stresses in Airplane Structures 


By R. 


A mechanical-analogy-type analyzer is described which 
is used for computing the transient stresses in an un- 
damped elastic structure. The two main functions of the 
analyzer are (a) to evaluate the stresses due to the de- 
formations of an elastic structure in its various normal 
modes, and (6) to superpose the effects of the modes with 
proper regard taken of their phase relations. Function 
(a) is accomplished by the use of torsional-pendulum 
simulators, and function (6) by the proper design of the 
electronic pickup and recording circuit. The analyzer 
is particularly useful in the determination of dynamic 
landing stresses in airplane structures. 


INTRODUCTION 


PENILE response of an elastic structure subjected to external 
impact forces can be represented as a superposition of the 
responses of the natural modes. When the system is as- 

sumed to be undamped, the displacements of the natural modes 

are uncoupled, and the response of each mode is the same as that 

of an equivalent single-degree-of-freedom system excited by a 

This general principle has been applied by 

(1)? to the determination of dynamic 

However, by the 


generalized force 
Biot and Bisplinghoff 
loads on airplane structures during landing. 
methods described in this paper (1), the transient stress is deter- 
mined by adding, without regard for phase differences, the stres- 
ses corresponding to the maximum displacements in a few of the 
lower modes. The maximum displacements were evaluated by 
the use of a mechanical analyzer, which was originally designed 
and constructed by Biot, for computing transient stresses in 
elastic buildings due to earthquakes (2). The neglect of phase 
relations, which characterizes the method (1) has been found to 
lead to overly conservative results. It was considered desirable, 
therefore, to extend Biot’s mechanical analyzer in such a way that 
it could superpose the stresses corresponding to the various modes 
with proper regard taken of their phase relations. 

This development has been part of a research program on dy- 
namic stresses in airplane structures, sponsored by the Bureau of 
\eronautics, Navy Department 


TRANSIENT Srresses IN AIRPLANE Structures Durina Lanp 


ING 


\ method for determining transient stresses in undamped 


elastic structures has been described by Williams (3, 4). In this 


Engineering, Massachusetts Insti- 


Mass 


in parentheses refer to 


Department of Aeronautical 
tute of Technology, ¢ 
? Numbers 
the paper 
Contributed by the Applied Mechanics Division and presented 
it the Annual Meeting, New York, N. Y., November 27—December 2, 
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umbridge 
the Bibliography at the end of 


for publication 


wuthors and not 
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method the total stresses are considered as the sum of the stresses 
which would result if the system were restrained against vibrating 
and the additional stresses resulting from the vibratory motion 
In the airplane-landing problem, the stresses computed in the 
first step, assuming no vibration, result from the rigid-body 
inertia forces due to transl al and rotational accelerations 
and the external loads. The additional stresses result from the 
inertia forces corresponding to the acceleration responses of the 
vibration modes. The Williams method of approach has been 
followed by other investigators (5, 6), and the mechanical ana 
lyzer described in the present paper has been developed on this 
basis. 

The theory of transient stresses in airplane structures during 
landing proceeds from consideration of an undamped elastic 
structure with n degrees of freedom under the influence of pre 
scribed external forces. Wind-tunnel tests and theoretical in- 
vestigations have shown that the neglect of damping is justified 
when computing stresses resulting from the first shock of landing 
impact 

The equations of motion defining the deformation of the un- 
restrained elastic airplane in terms of displacements of the nor- 


mal free-free modes of vibration are 


In these « juations q, 8 the displac ement of the tl normal mode 


V/,, is the rth generalized mass is the circular frequency of th 
th natural mode, and Q, is the generalized force corrresponding 
to the rth mode The 2) 


rmined from Equation [2 
5W, is the work done by the forces on the landing gear in a 


latter is dete 
where 
virtual displacement dq, of the rth normal mode Che deforma 
tion of the 


tion of the displacements of each of the nort 


structure is assumed to be determined by superpesi 
il mode For ar 
undamped system, the generalized for () own funetions 
of time, and the equations of motion do n 

co-ordinates 

With 


juation 


senting coupling between the 
be solved independently 


solution of | 


equations may 


tions q = 0, 4, (0 0, the 


written 


The total stress pattern for any deformation of the structure 


may be considered to be a superposition of the stress patter 


corresponding to displace ments of each of the nor nal modes 


The stress at a partic ular point 7 may be expressed by 


>> 4 


where the coefficients A are constants which represent the 


stress at the jth point in the structure due to a unit displacement 
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in the rth normal mode. This is equivalent to the stkess pro- 
duced by the inertia loading associated with a free vibration of 
unit amplitude in that mode. 

If we assume that during the process of applying the external 
loads, the structure is restrained against vibrating, the displace- 
ments of the normal modes may be immediately determined by 


QAO 


" Met 


Gr(atatic 


By substituting Equation [5] into Equation [4], we obtain the 
static stress at the jth point 


n 
Cseretie) = > A, —, [6] 
- i rr 


It is important to observe that the stresses given by Equation 
[6] are the stresses commonly computed by the airplane designer 
when he assumes the structure to be rigid. The total displace- 
ment of the rth normal mode may be computed by rearranging 
Equation [1] as follows 

Q,(b) q, 


-" at? at 


n 


Upon substituting Equation [7] into Equation [4] and intro- 


ducing Equation [6] we obtain 


This equation shows that the stress in the structure at any in 
stant is equal to the static stress at that instant plus an additional 


stress which is a linear function of the accelerations of the » 


normal modes Since the static stress is that stress usually ob 


tained by the airplane designer when he assumes a rigid structure, 


it may be co npult d easily The accelerations, j,, may be com 


puted by rearranging Equation [1] and substituting the integra 


expression, equation [3], for q, 


“t 
, Q,(7r) sin w,(t r) dr 
VW, M, I 


after integrating by parts, if Q, (0 


[a] 


Equations |4] and [8] apparently give equivalent results if 


enough terms of the series are considered. However, because of 
the labor in evaluating the characteristics of higher modes, only a 
small number terms can be taken in a practical problem. 
Therefore it is desirable, whenever possible, to use the method 
giving the! r apid convergence of the series. The components 
corresponding to the statie application of the loads are all con- 
t term in Equation [8], while in Equation [4] 
This suggests that 


a more rapid vergence of the series may be obtained by using 


tained in the 
they are included in each term of the series. 
Equation [8 

Since the generalized forces Q,, are proportional to the external 
force F(t), tl 


For convenier hi 


static stress 7 yetatie), is also proportional to F(t 
omputation we express F'(¢) as 
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where f(t) is a nondimensional function with a maximum ampli- 
tude of unity. We see that the stress at a particular point j can be 
written in the form 


o, = Bf) + ) B, Kit 
a 
"t 
/ : 
cos w,(t T) 
0 dr * 


lhe coefficients By, and B, are different for different types of 


where 


Ko = [12] 


stress, such as bending moment, torsional moment, or shear in 
the wing 

The solution of Equation [12] may be accomplished by numeri- 
cal or analytical integration. However, both processes are tedi- 
ous and are often impractical for the designer. Evaluation of the 
integral in Equation [12] and superposition of the terms in Equa 
tion [11] are the chief laborsaving features of the mechanical 


analyzer which is the subject of the present paper 
MECHANICAL ANALYZER FOR COMPUTING TRANSIENT STRESSES IN 
Evastic StrucTURES 


The present analyzer is an adapta- 
tion of the fundamental principles of the torsional pendulum 
simulator devised by Biot (2). Biot's machine is limited to prob- 


Fundamental Prine iples 


lems involving a single vibration mode, whereas the present 


analyzer has been designed to solve problems in which several 
Specifically, it was designed 


deformation modes are involved 


to evaluate the following form of Equation [11] 
Bo fit BA 


B,Ky(t) 4 B,K,(t) 


namely, (a) t » evaluate 


The analyzer has two basic functions 
the integrals A,(t 


various terms of Equation [13] 


in Equation [12], and (+) to superpose the 
It will be shown that functior 
a) is accomplished by the use of torsional-pendulum simulato 


apd function (4) by the proper design of she electronic pickuy 
and recording circuits 
Consider the simple torsional-pendulum system shown in 


Fig. 1, consisting of a pendulum mass which is suspended at its 


Poxstonat-PenpuLum 


When the 


given an arbitrary angular displacement ¥(@), the 


center by a vertical wire point of suspension a is 


angular di 
placement of the bar, 0 ! 


can be expressed by the following 


ferential equation of motion 


where 
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K = torsional stiffness of wire 
I = mass moment of inertia of pendulum 


This equation may be written as follows 
6 = wy (t 15] 


where w? = A //, the natural frequency of the torsional pendulum 


when the upper support a is held fixed. Equation [15] is of the 
same mathematical form as that of a single-degree-of-freedom 
elastic system subjected to a force of arbitrary time history, 
which is the form of Equation [1 If the pendulum is initially 


at rest, the solution of Equation [15] can be written in terms of 


Duhamel’s integral 
16] 


Solving for 6 from Equation [15], we obtain 


60) = w? Ad {17] 


where Aé is the angle of twist of the pendulum wire 
Another expression for the angular acceleration 6, can be ob- 


tained by substituting Equation [16] into Equation [17] and 


integrating by parts, if y (0) = 0 


' 
0 t 


From Equations [17] and [18] we conclude that 


“ F 
A@(t) = cos w(t rT W (r) dr 19 
o dr 


. 


Comparison of this expression with Equation [12] shows that 


if ¥(t) is proportional to the nondimensional function f()), [f( = 


c ¥(t)], and the pendulum is tuned so that its natural frequency 
is the th mode of the 
relative angular displacement Aé@, will be a measure of the fun 


Same as that of the actual system, the 


. 
» VIEW OF 


and K;(t), 


SEPTEMBER 


1950 
tion K,(t), [K,(t) = e¢ A@(t)|. Actually, for practical applica- 
tions, it is desirable to have the time scale of the pendulum 
When 
of the forcing function is multiplied by n, the periods of the vibra- 


slower than that of the actual system the time scale 


tion modes should also be adjusted properly, in order to fulfill the 


similarity condition. Thus if the pendulum support is dis- 


placed ata speed 1/n times that of the actual system, the fre- 


quency of the pendulum should be made 1/n times that of the 


actual system 


Descriptior The analyzer is illustrated in Fig. 2 It con- 


sists of three torsional pendulums (A, B, and C), each of which 
= 
l-bar (D 


and suspended by a steel wire (/ 


is made up of a magnesium carrying two movable 


weights (2 to the upper sup- 


port (G The frequencies of the pendulums may be adjusted 


by moving the weights along the bar, so that the ratios of their 
frequencies are comparable to those of the first few natural fre- 
The sizes and the frequency 
listed in Table 1. The 


upper supports of the pendulun s are vertical shafts mounted on 


quencies of the actual structure 
ranges of the different pendulums ar 
These shafts are 


ball bearings (7), which rest on a steel frame 


connected by means of a linkage svstem (J), and are linked to a 
fourth shaft through a pair of spur gears (J), having a gear ratio 
The 


lower end of which is fixed rigidly to the frame 


to another wire (A), the 
The fourth shaft 


of l to 5 fourth shaft is attached 


is made to turn automatically according to a given displacement- 


time history by a horizontal cam (ZL), and a long follower arm 


VW). The follower is held against the edge of the cam by a heavy 


weight (A The cam is driven at 2 rpm by a '/is-hp synchro 


nous motor through reduction gears 


The forcing function f(t), and the time integrals A,(t), Ky 


are proportional to the angles of twist of the fixed-end 


rABLI PHYSICAL PROPERTIES OF PENDULUM 
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wire and of the three pendulum wires, respectively. The angles 
of twist are picked up by means of a pair of wire-strain-gage 
elements 0.001 in 
diam) wrapped and cemented in opposite directions around the 
These two strain gages 
The strain 

A center- 


(standard high-resistance nichrome wire, 
pendulum wire, at a 45-deg helix angle. 
are fed into a consolidated bridge-balance channel 

gages form two arms of a modified Wheatstone bridge 
tapped oscillator winding represents the other two arms, and the 
oscillator supplies 10 volts at 1000 cycles per sec across the gages 
When the wire is twisted, one of the gages is elongated while the 
Phis 


signal proportional to the angle of twist may be taken from the 


other is shortened sets the bridge out of balance. A 
common point of the two gages and the center tap of the oscil- 
lator output winding, and fed through an amplifier to the gal 
vanometer of a recording Ost illograph 

The magnitudes of all the signals can be attenuated according 
to the constants B,, of Equation [13], and superposed by means 
of the transformer circuit shown in Fig. 3. Each strain-gage sig- 
nal is fed from the bridge circuit into the primary winding of a 
secondary cir- 


transformer. A rheostat is connected across the 


OSCILLATOR 


R 


a 
2 

« 
a> 
u 
7 
< 

a 
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cuit of the vijusting the magnitude of the signal 
With the leads f t our transforn 
the voltags 

vdded Phis 


channels o 


rs connected as show! 


train gages can t attenuated and 


is amplified and ted into one of the 


h A double-throw switch has been 


introduced u rei to throw the voltage 180 ce 


phase, u 
I quatior 


mine t! 


pendulu 


Except 
| 
} operty o 


the re large oscillogray 


However 


the enti: st linear, and there 


the signal irious modes is justified 


In calibra unalyzer, it is desirable to 


placement | which can be measured easily 


lar displacer the pendulum support in rad 
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expressed in terms of the linear displacement y, of the follower 


measured along its circular path, as follows 


where 
n = gear ratio between pendulum shafts and fourth shaft 


r = length of follower arm, in 


The relative displacement, 40, also can be expressed in terms 


of a reference displacement, y, according to the following rela- 


von 


dO = ' {21 
It can be seen that if the displacement of the follower varies ac- 


cording to f(t), the displacement corresponding to the rth mode 
pendulum will be A,(t 

The ratios between the oscillograph deflections and the new 
displacement parameter y, corresponding to the rigid-body mode 


H,, Hy, and H,, 


ver-all sensitivities of the 


and the three vibration modes, are denoted by H 
respectively, and they represent the « 
These 
attenuation 
settings in the transformer circuit 


varied by using different 
different 


system sensitivities can be 


settings for the amplifies and rheostat 
The range of the rheostat set 
ting has been divided evenly into 100 divisions. Fig. 4 is a typi 
cal graph indicating the variation of the sensitivities against the 


attenuations and rheostat setting 


aT 
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Exame ce [LLUsTRATING Use AND PRECISION OF ANALYZER 


An example illustrating the determination of the transient 
stresses in an airplane structure during landing is given here to 
demonstrate the use and accuracy of the analyzer. It is desired 


to compute the bending moment at the root of the wing of a 


t(t) 
+ 


i 
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23,000-lb seaplane during landing. The airplane weight is as 
sumed to be supported fully by aerodynamic lift forces during the 
landing period The stresses, corre sponding to the transient 
motion of the structure due to the landing impact force, may be 
computed by the transient analyzer and must then be super 
posed upon those corresponding to the steady-state aerodynamic 
lift forces and 1 g gravity forces 

on the 


The landing-impact force is assumed to act vertically 
} 


hull and directly gravity of the 
The force-time curve of this vertical force is of the form of a half 
The peak impact 


under the center of airplane 


sine wave, with a pe riod of impact ol 0.20 sex 
load corresponds to a load factor of 3 

In the analysis, the first three symmetrical modes are taken 
into consideration. Fig. 5 shows the oscillograph record ob 
tained from the analyzer for computing the time-history of the 


Phere are 
signal of the bridge 


his trace 


bending moment at the wing root two trace in this 


record, The upper one is from the circuit 


is of the same 
Th 


ind it is proportional 


corresponding to the fixed-end wire 


form as the applied impact force, ic., a half-sine wave 


lower vrace is from the summation circuit 


! It represents the sum 


to the bending moment at the wing root 
of the contributions of the first three natural modes of the wing 
and the rigid-body mode. The result is replotted in Fig. 6 
with the bending moment 
abscissa. The result from an analvtical solution is plotted in the 


usual rigid-body 


as ordinate, and the actual time as 


} 


The stress obtained by using the 


Same hgure. 
assumption also has been plotted for comparison 
the maximun 


Comparison of the curves in Fig. 6 indicates that 
bending moment obtained by the analyzer is less than 3 per cent 
different from the maximum bending obtained by ar 


moment 


xact analytical method 
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Elastic-Plastic Analvsis of Structures 


Subjected to Loads Varying Arbitrarily 


Between Prescribed Limits 


By P.S. SYMONDS® anv W 

Very often in practice a structure is subjected to loads 
consisting of several components, whose respective maxi- 
mum and minimum values are known, but whose order 
and instantaneous magnitudes cannot be specified in 
advance. For example, an airplane wing might be sub- 
jected to dead loads, maneuvering loads, gust loads, etc., 
whose maximum and minimum values can be estimated 
closely, but which are applied independently in a manner 
which is not predictable. Again, a machine part might be 
subjected to unspecified combinations of bending and tor- 
sional loads, whose respective greatest and least values 
only are known. The present paper deals with the analysis 
of structures of this kind, when plastic deformation in 
parts of the structure is permitted in order to obtain the 
most economical design consistent with safety. Emphasis 
is placed upon the use of a geometrical representation of 
the instantaneous state of stress in an appropriate “‘stress 
space.’” For simplicity the present discussion is based 
upon a pin-jointed plane truss as a typical structure. 
With appropriate changes of language the concepts de- 
veloped here may be extended to more general structures 
and to problems of continua. 


INTRODUCTION 


“HIS paper is concerned with the analysis of structures sub- 
j 1 load” 


jected to a which consists of one or more 
whose individual maximum and mini- 


“total 
‘component loads,” 
mum values only are specified. It is assumed that each one of 
the component loads may reach either of its extreme values indef- 
initely many times, and that all of the component loads may vary 
The primary problem considered 
will “fail” 


here and 


independently of each other 
here is that of determining whether a given structure 


“load 
total load,” 


under a given load of this type. The term 


throughout t paper is used in the sense of to mean 


the aggre if iXimum and values of a set of 


Thitrairritatn 
comport 

It i NeCeSSa to define what is meant by “failure” of a 
This term has different 


elastic behavior i 


ructur meanings, depending upon 


whether or not wholly assumed li elastic 


behavior is assumed, the structure is said to “fail” if a combina 
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tion of component loads is applied which causes a critical stress of 
the material to be exceeded at some point of the structure. I 
the maximum and minimum values of the component loads arc 
such that the critical elastic stress can be just reac hed at some 
of th 


For example, if the component loads are such that 


point, this would be regarded as a “‘critical failure load 
structure. 
the elastic limit is exceeded in parts of the structure the structure 
generally would be considered as unsafe, according to elastic 


design theory. Actually, however, in many cases a structuré 
may continue to perform its functions satisfactorily after plastic 
flow has occurred in certain of its parts. In these cases the elastu 
concept of failure is an unrealistic one 

The definition of “failure” which will be adopted here is one 
which applies in general to a structure subjected to loads which 


If the 


loads are 


may cause permanent deformations in some of its parts 


maximum and minimum values of the component 


such that plastic deformation never ceases, but continues in 
definitely in some parts of the structure as the load components 


take on all possible values within their prescribed ranges, this 


will be considered a load producing failure. By the phrase 


“plastic deformation never ceases” is meant that in some part of 
the structure plastic flow either continues iadefinitely in one 
direction, or continues to alternate between positive and nega 


tive values as the loads take on various values, 


In the first case, of unlimited flow in one direction, the strue- 


ture is said to “collapse”; in the second case, even though the 


deformations are limited in magnitude, the continued alternation 
of the direction of plastic flow eventually leads to rupture of th 
material. In either case the structure would be considered 


“unsafe” on a more realistic basis than that of the elastic analysis 


A “critical failure load’’ will be defined as a set of extreme 
values of the component loads such that the structure is just 
safe, 
greater than unity by an indefinitely amall amount, failure may 
The “factor of safety 


i.e., if these extreme values are all multiplied by a number 
occur is defined, as in the clastic case, as 


the factor by which all of the maximum and minimum values of 


the “working load components tmoust ln multiplied, to just 
reach the values of a critical failure load 

The definition of failure just given means that in a safe struc 
ture there is eventually set up a system of permanent s‘rains 
and a corresponding state of residual stresses, under vanishing ex 
ternal loads, such that for all further load applications no further 
plastic flow occurs ih any part ol the structure The structure 


may then be said to have “shaken down”’ to a residual stress stat« 


elastic stresses are superimposed. Such a state of 


called a “shakedown 


shakedown state 


on which on? 


residual st'oss will be siate of residual 


or simply a 


stress, 
In the present investigation it will be assumed that failure by 


collapse does not occur, ic., the type of failure of particular in 


terest here is that in which alternately positive and negative flow 


continues indefinitely in sony structure Thus if 


flow 


part of the 
shakedown occurs, any such reversals of plastic eventually 
cease, The critical failure load will mean particularly a set of 


extreme values of the component loads such that shakedown just 
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occurs; if these are increased by very small amounts shake-down 
The condition that shakedown occurs is a 
that 


becomes impossible. 


necessary and sufficient condition the structure does not 
collapse, but the reverse is obviously not true 

When elastic behavior is assumed, the analysis is straight- 
forward, since the effects of the individual load components can 
be superimposed, and the most unfavorable combination of the 
component loads can be determined for any one member. In 
making use of the more realistic concepts of failure, involving 
plastic flow in parts of the structure, the analysis of shakedown 
is more difficult, primarily because superposition is no longer 
valid. 


upon the previous history of loading, rather than upon the in- 


The states of stress and strain depend to a great extent 


stantaneous load values, alone 

These concepts of failure, of critical failure load, and of factor 
of safety, for general loading beyond the elastic range are natural 
extensions of those which have been applied in a more restricted 
type of elastic-plastic analysis, i.e., that in which all the com- 
ponent loads are assumed to maintain fixed ratios to each other, 
so that the value of the load at any instant is specified by a single 
determining the value of the 


parameter. The problem of 


load parameter which corresponds to imminent collapse of the 
termed the 


guish it from the shakedown problem in which no single load 


structure will be “limit design’? problem, to distin- 
parameter exists 

Published work on this more general problem apparently dates 
1931. FF. Bleich’s book (1),* published in 1932, con- 
tains clear statements of the two types of proble ms This book 


gives several examples of analysis of continuous beams subjected 


from about 


of a theorem 
1 
! 


to several independent loads, in which use is made 


due to H 


according io F 


work on this problem 
(3) in 1931. 
Melan (4, 5) 


used by 


Bleich (2) The only earlier 


Bleich, is that of Kazinezy Subse- 
quent investigations have been re pe rted by E 
The term “shakedown” 


(6). The more restricted 


was apparently first Prager 


“limit design’ problem has received 


considerably more attention Papers by Kist (7), and by 


Griining (8) may be cited as among the earliest published, with 
a notable series of papers published by German and Austrian 
authors in the early 1930's (see for example the bibliography given 
by Maier-Leibnitz, ref. 9). More recently an important series of 


Baker 


limit design is due 


investigations has been earried out by J. F. and his co- 
England (10, 11). The 
Broek (12, 13) 


purpose of the 


workers in term 
to Van den 
The 


proach to the general problem « 


present er is to introduce a new ap- 


wmalvzing a structure to deter- 
it can safely carry a t of external loads whose 


lv are 


mine whether 


maximum and minimum values on known his new ap 


proach is used to point up the basic itures of the problem and 


to present useful tools for analysis in what seems to be a particu 
larly simple and direct manner 


The basic 


terminate 


structure considered in this paper is a statically inde 


with lon upplied at the joints. Th 


plane truss 


latter are assumed to be smooth pins, so that each bar is in simpk 


tension or compression icularly trusses are 


simple 


Sean of th 


Three part 


paper and to 
However 


n language other 


discussed in detail, to ex plify the 


illustrate charact yroblem 


it will bx 
structures and ever \ medi ed teferen 
Is Trice which methods 


similar te ' ri\ ere are applic mtinuous beams and 


tof the methods for treat 


fran 
Ing gen t ! ed 
Th s bent ) | t 1 per is oneerned prin 
‘Numbers in pare ose efer to t 71 graphy at the 
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with the case of materials which exhibit “ideal plasticity,” ice., 


which flow under constant stress. Thus each bar of the truss is 
supposed to have a force-extension diagram similar to that shown 
in Fig. l(a). Each bar is characterized by an clastic coefficient 
(“spring constant’”’) c;, and by two yield forces, ),; in tension and 


) If the point 


ty pical state of force S; and extension A, in the 


;’ in compression, 1 in Fig. 1(@) represents a 
th bar, it is seen 


that the total extension A; can be expressed as the sum of an 


i 


elastic part S;/c;, and a permanent extension A,, which is the 


which remains when the bar force S, is reduced to zero 


part 
Thus, A; can be written as 


A ‘ 7 {1 


‘ 


However, it will be very convenient in the subsequent develop- 


ments to use “reduced forces 8;, and “reduced elongations 


5,, \,, defined as follows 


In terms of these reduced forces and extensions, Equation 


becomes 


+ d 3] 


and the force-elongation diagram takes the form shown in Fig 


* The case of materials exhibiting “‘line ing” can 
be treated in the same framework of ideas f 


sentational device which is discussed 
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1(b). The “reduced yield forces,” as shown, are y, = Y,;/V e, 


and y,;’ = Y,'/V ¢,.8 

Typical trusses of the type under consideration are shown in 
Fig. 2. In case a support permits motion in one direction, this 
support may be replaced by a rigid bar perpendicular to the diree- 
tion of motion, with one end fixed (see, for example, the right- 
hand support of the truss of Fig. 2). Counting any such bars as 














Fic. 2) Typicar Truss Unper C onsipeRaTION 
these, let the total number of bars be n, let the total number of 


and let the Now the 
state of stress in the truss is characterized, at any instant, by the 


joints be number of fixed joints be f 


n values (8), 8 . s,). These n quantities may be regarded as 
the rectangular Cartesian co-ordinates of a point in an n-dimen- 
sional Euclidean space, and thus the state of stress may be rep- 
More- 
. 8) may be thought of as the 


resented by a point in this “stress space” of n dimensions. 
over, the n quantities (8), & . 
components of a vector in this stress space, and the state of stress 
may be represented by the vector joining the origin to the point 
with the co-ordinates (s;, 82. «fim Thus the stress state in 
the truss at given instant may be denoted conveniently by the 
vector 8, using the customary notation for vectors in Euclidean 
space 

(s,) 4) 


The usual rules of vector algebra apply. For example, the sum 


of two vectors s’ and 8” is defined as the vector whose compon- 


ents are 8," + , & 8,", ete., or more briefly, we may write 


5a 


j 


The “‘scalar product of two vectors 8’ 


The “magnitude” s of a stress-state vector s = (s,) is defined by 


the relation 


i=] 


* The important questions of rupture (in tension) and of stability 


in compression) are discussed in the Appendix 


-ELASTIC-PLASTIC 


ANALYSIS OF STRUCTURES 


Two nonzero vectors a" i are said to be “orthogonal to each 


other if their sealar product is zero, i.e., if 


v i 0 . 


« 8:3," = 


wil 


It may be noted at this point that the square of the magnitude of 
a stress-state vector is equal to twice the corresponding “elastic 
strain energy” W of the truss, since 


2 


ao & 
i=l 

This relation, which is important in later developments, is the 
chief reason for introducing the “reduced” variables of force and 
extension. Another is that the reduced variables have the same 
dimensions, Y force X length, and thus a state of deformation 
may also be represented by a point in the stress space, In 
A,.) represents 
d,) will 


particular, the point with co-ordinates (A,, Aa 
the state of permanent extension. The vector —> = ( 
be called the “permanent set vector.’ 

The dependence of the stress-state vector s on the applied loads 
If there are j 
f) load components which may be prescribed inde- 


will now be considered. J nonfixed jomts there 


are 2 
pendently. At joint p, for example, there are two load com- 
ponents H,, V,. Corresponding to each of the applied lead 
components, there is an equation of equilibrium which relates 
the given force component to the forees in the bars connected 
to the joint being considered. For example, corresponding to 
the load component H, there is an equation 


bt... ee, we 


ApS TT Apes 


are numbers which depend 
but 


The coefficients ay, Gye . 1% 


the truss, have 


only upon the geometry and materials of 
state of loading 

Each of these equations has a simple 
the 
Obviously, in a three-dimensional space, each equilibrium equa- 
tion would define a plane, whose orientation would be fixed 


nothing to do with the There are 2 f) 
equations of this type 
n-dimensional stress space 


geometrical interpretation in 


by the dimensions and materials of the truss, but whose distance 
from the origin would be proportional to the value of one load 
each equilibrium equation de- 
Since the 


component. In the general case, 


fines a “hyperplane’’ in the stress space, orientation 
of each hyperplane is fixed for a given truss, it is evident that, as 
the corresponding 


’ remaining parallel to itself, 


each load component varies, hyperplane 
simply “translates, 

Now the stress-state point must be one common to all of the 
hyperplanes which correspond to a given state of loading. In 
other words, the locus of stress-state points for a given loading is 
the intersection of all of the 2Q f) hyperplanes corresponding 


f) given load components. If the truss were a 


to the 2 
statically determinate one, so that the number of bars n is just 
equal to 2U If the 
truss were simply indeterminate the intersection would be a line, 


f), then this intersection would be a point 


i.e., a subspace of one dimension 
In general, the locus of equilibrium states is a subspace of n 


2(j —f) dimensions.” How the actual stress-state point is singled 
out from the possible equilibrium state points is determined by 
the requirements of geometrical compatibility of the bar exten- 
answer can be given 


sions. In the elastic case, of course, the 


at once by means of Castigliano’s theorem of minimum strain 


energy, Which says that of all the possible states the one closest to 


This implies that the bars meeting at a joint are not all parallel 
There is only one equation of equilibrium at a joint connecting paral- 
truss” will be used also for these cases, for the 
The modifications in the present discussion are 


lel bars. The term ‘ 
sake of simplicity 


obvious 
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Thus, 
from the origin onto the subspace of equilibrium states singles out 
the 
formations in some of the bars are allowed to occur, this is no 


the origin is the actual one. the perpendicular dropped 


actual stress state, in this case. However, when plastic de- 


longer generally true. Then the actual stress depends very 
much upon the previous loading history, and not simply upon 
the 


stress-state point in the elastic-plastic case are considered in the 


instantaneous state of loading. Theorems for locating the 
next section 

Thus far the assumed yield conditions have not been taken into 
account. The assumption of ideal plasticity, as indicated by 


Fig force s; must lie within the range 


1(+), means that each bar 


i.c., each s, is governed by an inequality 


Yi; is 


Interpreted geometrically, the force s; must not lie outside the 


two planes, s; = y, and s = j;’, in the stress space. Since 
, 


each bar force has its own pair of limiting planes, the stress-state 
point must lie within, or on the surface of, the parallelopiped in 
stress space which is define. by the 2n yield planes. This will 
be termed the “yield parallelopiped.” 
which the 


have the 


Some additional relations are implied by term 


“ideal plasticity’ will now be given. If 8; does not 


value y, or y;’ then there is no change in the (reduced) per- 


manent deformation A,. In other words, then the time rate of 
Furthermore \, y,, but if 


These 


change A, is zero, is also zero if 8; = 


s; is decreasing; or if s = y,’, but if s; is increasing. 


facts may be « xpressed concisely as follows 


when then A, 0 


> 0 


A further consequence of ideal plasticity is that the product 
, must be 


0 (and either 
rate of doing plastic work is 


& Ay is changing then A 


is zero for each bar, since if a, 


zero, and contrarily if A, is changing then 8; = 


;=y ors, = —y,"). Finally, the 


positive, ie., for any bar which is yielding the product s,; A, must 


be positive. For any bar which is not yielding it is, of course, 


zero. These last two facts can be expressed concisely as 


i=l 


These relations will be used in the following section 


THeorems ror Evastic-PLastic ANALYSIS OF STRUCTURES 


For future reference statements will next be given of several 
theorems which provide useful tools in the general analysis of 
Proofs of 
simple and brief for the trusses under consideration, but will not 


elastic-plastic structures, these can be made very 


be given here. It may be noted, however, that the reference to a 
plane truss as basic structure is primarily for the sake of simpli- 
fying the notation and the physical ideas as much as possible 
Applications to beams and frames have already been given (14) 
extensions to continuous media are planned for a later paper. 
Certain forms of the principle of virtual displacements prove 
Let (s,) and (s,") be two sets of (reduced) 


bar forces which are in equilibrium with the same set of external 


especially useful F 


forces. Further, let (4,*) be any set of (small) bar extensions 
which satisfy the requirements of geometrical compatibility, i.e., 
which correspond to a set of displacements of the joints. Then 


from the principle of virtual displacements it follows that 
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10a} 


Using the vector notation of Equation 5a}, this can be written 


(3 0 104 


It proves to be particularly convenient to take 8” = s, s being the 


actual! stress-state vector; and also to take 4* 6=g +, 
§ and A being the actual total and permanent extension vectors, 
respectively With these choices of s” and 4*, Equation [10] be- 


comes 


0 lla] 


In many cases it is necessary to deal with the small increments 
of forces and extensions which accompany small increments of 
the load components For convenience the time rates of change 
s = (4), ) = (X,), ete 
dt the 


In Equation 


ina sufficiently small 
$.dt, for ex- 


replaced by &” 


, may be introduced 
time Increment force increments are ds, 


imple 10b| 8” and 8’ can be and 
&’, these being rates ol change of the bar forees which both satisfy 
equilibrium with a given set of rates of change of the load com 
ponents 


6*. 


Equation 


Similarly 4* can be replaced by a compatible system 
6 = & +X (the 


can be put in the following form, which is used 


Taking 6* actual rates of elongation) 


lla 


later 


(s : (3 0 11h 


Using these forms of the principle of virtual displacements, it 
Is quite easy to prove two minimum principles whose statements 
On Karman 


only will be given here is that of Haar and von 


(16), which in a form appropriate to trusses states that “among 
all states of stress s’ which are in equilibrium with given loads 
and which do not violate the vield conditions of ideal plasticity 


the actual stress state s renders the elastic strain energy W 


an absolute minimum In the notation of the present paper, 


since (s") ’ , ‘ = , the statement of the Haar- 


Karman principle is 


2W (s’) 2W (x) 2 2>0 {12 

it is important to note that this principle is valid, in general 
only so long as those bars which have reached their vield forces do 
not cease yielding. This is a very restrictive condition, and the 
principle is obviously not valid for arbitrary loading sequences 
Moreover, even when all load components maintain constant 
ratios to each other, and monotonically increase (‘‘proportional 
loading’), the principle may not be valid. It is possible to give 
examples of quite commonplace trusses in which yielding is fol- 
lowed by unloading, in at least one bar (18) 

4 minimum principle which, unlike the Haar-Karman prin- 
ciple, is valid for all arbitrary loading sequences has recently been 
proved by Greenberg (17) in a general form applicable to con- 


tinuous media. This principle is concerned with the rates of 


change of the bar forces which correspond to given rates of change 
of the external load components It should be remembered that 
rates rather than increments of forces and extensions are used for 
convenience only; no dynamic or viscous time effects are being 
considered, 

Applied to trusses, Greenberg's principle states that “‘among 
all stress-rate states 8’ which are in equilibrium with given rates 
of change of the external loads, and which do not cause the yield 
conditions of ideal plasticity to be violated, the actual stress- 
state & renders the clastic ‘“‘stress-rate V(4") an ab- 


rate energy 


solute minimum In vector notation 
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20(&) = (8’)? #20 13} 


2V(4) = 


This principle shows, in the stress-space geometrical interpreta- 
tion, that the stress-state point moves in such a way as to take 
the shortest route which is compatible with the requirements of 
equilibrium and of ideal plasticity, 

The minimum principles which have been discussed in the pre- 
ceding paragraphs apply to the general analysis of forces and dis- 
placements in elastic-plastic structures Examples of their use 
will be given in the next section. A theorem will first be proved 
which is concerned specifically with the problem of shake-down, 
ic., of determining whether a structure eventually will reach a 
state in which all further load changes within the prescribed 
limits produce only elastic increments of force and extension, 

A state of residual stress is, by definition, a stress state in the 
subspace of equilibrium corresponding to zero values of all the 
external-load components. Corresponding to a typical state of 


(s,) there is an elastic stress state ¢ (e;), which is the 


stress 8 ‘ 
stress state that would be calculated for a given state of load if 
The 


state e may be used as a convenient means of specifying a particu- 


all bars behaved completely elastically at all stress values 


lar state of loading 
Now if “unloading’’ means the removal of external loads in such 
a way that the stress-state point always moves inside the yield 
parallelopiped (as opposed to moving en its surface), then the 
state of residual stress obtained by unloading from a stress state 
s is found by adding to this stress state the negative of the corre- 
Thus ifr (r,) denotes the 


is reached by 


sponding elastic stress stat« resid- 


ual stress state which unloading from a parti- 


cular stress state s is given by 


14 


Conversely, any state of stress s may be regarded as composed 


hadiliel ata abe aiieaaaimenaiaind (It is 


lla} that the 
shake-down stat« 


readily proved using Equation vectors r and é are 


orthogonal.) Now the term ‘ as defined in the 
first section means a state of residual stress such that the applica- 
tion of any possible load combination (kee ping the component 
loads within their preseribed limits) results only in elastic changes 
of force and extension, This is the case when no further perma- 

Thus if r* r,*) is 


such that 


deformations occur a shake-down 


by d 


nent 


state finition it is om 


15 
where (¢,) stands for the elastic stress state corresponding to any 
allowed state of loading 


The following theorem will now be proved: “If any state 


of 
residual stress r* exists satisfying the conditions of a shakedown 
state, 1. 


the 


satisfying all of the inequalities of Equation [15], then 


actual residual stress state r always approaches the state 
r*, in the sense that the length of the vector joining the point 
(r,*) to the point (7,) always decreases if further yielding occurs 

In other terms, if D = 


15}, D 


The importance of the theorem lies in the fact that it means that 


r, where r* = (r.*) satisfies Equation 


then always decreases if further yielding takes place. 
if any residual-stress state can be found satisfying the shakedown 
conditions, then the structure eventually will shake down 

As will be seen from the examples in the next section, the shake- 
down state is not unique, in general, but depends upon the load- 
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ing sequence followed. However, the theorem shows that the 
of even if it could be 
actually reached, insures that the structure will arrive eventually 
The theorem is due to H. Bleich (2), 
who proved it only for a structure with one or two indeterminate 
quantities 

ke. Melan (4) 


somewhat more 


existence any shake-down state, never 


at some shakedown state. 


4 more general proof for trusses was given later by 
The proof to be given is for a general truss, and is 
direct than that of Melan 
a beam on any number of supports has been given by Neal (14) 


A similar proof for 


The case of continuous media has been considered by Melan (5) 


To prove Bleich’s theorem, first define a quantity E by 


E Dp r) 16 


where r* r;* [15], and r is the residual 


stress state obtained by unloading from any actual stress stat 


) satisfies Equation 


r=. 


ol } 1s 


e as discussed previously. The time rate of change 


r) 17a 
Th 


11b| shows that Equation [17a] is equivalent to 


principle of virtual displacements in the form of Equation 


17b 


Now consider the bars in which A; # 0. Suppose, as one possi- 


bility, that r,* 
15] 


r,; < Oin one of these bars According to Equa- 


tion 


Therefore, since r, 


> r,* by supposition 


4," Is 
This 


and hence 


ans that the ith bar cannot 
that A, 2 0. The 
The other 


same argument it 


nu“ TUpPression, 

annot be 
is that r,* r, > 0 
this is the 
Oin 


be vie lding im 


product (r, rr, 
therefore 
he 
th bar cannot be yielding in tension, and hence A, « 

Again the product " ra, S 0. Thus, it 


shown that in all cases KF S 0, which establishes the theor 


positive, possibility 


Sut by is easily shown that if 


, the 


this case 


case 
has been 
em 

, under certain conditions of 


it may be noted the loading and of 


vield t been de- 
affect 


e-down 


values, the residual-stress state, as it has 
fined actually This 
the Th that sh 


occur in a given structure implies also that it wil 


jus 


may not be attainable would not 


present argument statement can 


not “collapse” 


of loads 


under any allowed combination 


ApPLIcaTions TO Trusses or Two ann Turee Bars 


In this section, three examples of simple trusses will be dis- 
cussed, for which the appropriate stress space is cither two- or 
shake-down 


three-dimensional, These examples, for which the 


problem can be completely depicted and solved graphically, serve 


to illustrate the concepts and theorems which have been d ussed 
in the previous sections 


As the 


parallel bars is 


truss” 
The 

idk nti al, and the 
3(a) 


a similar structure 


ol two con 

rth 
force parallel 
briefly, 
How 


it shows up so many fen 


first example, a consisting entric 


considered motions of the ends bars 


are made to be load in a sing ke 


to the bars, Fig This example will be discussed only 
sine has been discussed else where 7) 
ever, despite the simplicity of this case, 
tures of the general problem that it merits careful stud) 

The 
forces 8, 
the form 


has two dimensions, there being two bar 


3h) 


stress space 


so, Fig There is one equation of « quilibrium of 
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a, and a; being fixed constants for a given structure; P is the 

applied force, which varies arbitrarily between two given limits. 

The “yield parallelopiped” is the rectangle whose sides are s; = 
"> 8 = yx, —Ye’. Typical equilibrium lines are indicated 


Yy "i 


Ss, 


Srructure ConsistinG or Two PaRacier (CoNCENTRIE 


SARS 














I } ‘ Srress-Space’ Diagram 


by R, Py, Py: the line R which passes through the origin corres- 
ponds to no external load, and hence is the “subspace of residual- 
unstressed initially, the stress- 


OA, as a tensik 


states If the bars are 


stress 


state point first moves along the “elastic line” 


load is first applied. 

Let us suppose that the extreme loads correspond to th 
librium lines Pmax, Pa As the load increases beyond the value 
P,, bar 1 yields in tension, and the stress point moves along the 
route 


equi- 


side 8; = y of the vield rectangle (this is the “shortest 
consistent with the vield conditions, which is required by Green- 
berg’s principle). If ? is deereased from Pmax the stress point 
moves along the elastic line BC which passes through point B. 
With Pau and Pmin as shown, any stress state in the shaded area 
can be reached, regardless of the previous loading history. With 
therefore, the shake down; 
positive and negative) may go on indefi- 
load is that indicated 
once the value Pmax has 


these values, structure does not 


(alternately 
However, if the 
,in, then shake-down will occur: 


vielding 
nitely, 
by P 
been reached the stress point will move only in the line segment 
GB. The residual-stress state at shake-down is represented by 


point ( * stresses, computed in the 


minimum line 


und all stress states are elasti 
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usual manner, superimposed on the residual stresses correspond- 
ing to point C. 

In this case the permanent extensions are easily found graphi- 
cally. Applying the yield Equations [96], [9c], it is easily shown 
that the permanent extension in bar 1, when the load has reached 
the value Pmax, for example, is represented by the line segment 
CL. 

Next will be considered two examples of trusses each having 
three bars, so that the stress space is a three-dimensional one 
The first example is the truss shown in Fig. 4(a). There are two 
independent loads V and H, each with extreme values specified 


so that 


Hunin S H 


The yield stresses in the three bars define 6 planes, each paralle! 


a co-ordinate plane, so that the stress states allowed by the 


to 
plasticity conditions lie inside or on the surface of a rectangular 


parallelopiped, as shown in Fig. 4(6). The two equations of 


equilibrium can be written 


48; + 28; + ays; = H 


+ bese + bssy = V 


bis 


sa plane whose orientation is fixed by the geo- 
Their intersection 


Each of these i 
metrical and material constants of the 
is a line having fixed orientation, but position determined by the 
values of H and V. Thus the “subspace of equilibrium’ for a 
given palr of values of H and V is a str sight line. As the load 
components are first from zero, the behaves 
elastically, and the stress point moves in the plane through the 
origin which is normal to Th I 
planes normal to the equilibrium lines may be termed the 


truss 


increased truss 


] 
imulv of 


the equilibrium lines 
elastic 
’ since the stress point always moves in one of these planes 
In Fig 


} nit ' } 


pine conta ing 


planes 
so long as vielding is not taking place 
LFGHL is th 
gin with the yield parallelopiped 
The of the 


locations of the equilibrium lines 


$(b) the polygon 


intersection of the clastic ori- 


given extreme values loads determine the allowed 
i 


These form a prism bounds 
by the four planes corresponding to Hmax, Vmax, Hmin, and Vm 
This will be termed the “load prism Probably the most con- 
venient way of specifying a particular state of load is by means 
In Fig. 4(4), the four- 
the 


origu 


of the corresponding elastic stress state ¢ 
{BCD is the intersection curve of 


face of the load prism and the elastic 


sided parallelogram sur- 


plane through th 














Prane Truss. (6) “Srress-Space” Dra- 


Puree-Bar 
laree-Bar Plane Truss 
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i.e., poinés in this parallelogram represent elastic stress states cor- 
responding to loads in the prescribed ranges. 
parallelogram is not entirely within the yield parallelopiped; in 
the example the corners AA’A” and CC’C” are outside the yield 


In general, this 


parallelopiped. This means simply that when the load is in- 
creased to a value such that the corresponding elastic stress state 
is a point in either area AA’A” or CC’C"’, then yielding occurs in 
one of the bars, and the stress-state point leaves the elastic plane 
containing the origin. The direction of motion of the stress 
point is determined by the Greenberg minimum principle as that 
which entails the smallest “stress-rate energy,’’ without violating 
the vield conditions. Accordingly, the stress-state point is the 
intersection of the equilibrium line with the yield plane, when the 
load changes are such that the corresponding elastic-stress incre- 
ments would move the stress point outside the vield parallelo- 
piped. If both loads are reduced, after reaching a point such as 
C, the stress state moves in the elastic plane containing this point. 

The possibility of shakedown in a given problem of this type 
is investigated most easily by drawing the projection of the yield 


This 


paraliclopiped onto a plane parallel to the elastic planes 


“Stress Space” ror Truss SHOWN IN 
Equitipricum Lines 


Fic. 5 Prosection View or 
Pia. 4(a), Lookinc PaRaLLet To 


The outline of the load prism is 


The poly- 


projection is shown in Fig. 5(5). 
shown in its true shape by the parallelogram ABCD 
gon EFGHI is the intersection of the elastic plane through the 
origin with the yield parallelopiped, while the polygon /KLMNP 
is the intersection with the yield parallelopiped of the elastic 
plane which passes through the corner C of the load polygon 
ABCD 


is clear that, with the load polygon and yield parallelopiped 


These polygons are shown in true shape in Fig. 5(4). It 


having the proportions shown in this example, onee the load 
corresponding to point C has been reached, no further plastic 
deformation takes place Hence in this case the truss has a 
This would be true 


if shake- 


unique shakedown state of residual stress 
of all three-bar trusses of the type shown in Fig. 4(a) 
down can occur at all, there is a unique state of residual stress to 
which the particular structure shakes down. It would be easy 
to construct an example of load ranges and truss geometry, for a 


truss of the type under consideration, for which no shakedown 
state exists 

The second example of a three-bar truss is shown in Fig. 6(a). 
that in Fig. 4(a), has three bars, so the stress 


differs 


This truss, like 


space is again a three-dimensional one, It essentially 
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Pt 





STRUCTURE CONSISTING 
Prosection View 
ro “Evastt 


ScHematic REPRESENTATION OF 

Paractet (Concentric) Bars h) 

Srress Space,’ Looking Paratier 
Lines” 


Fic. 6(a 
or Turee 
or APPROPRIATE 


from the truss in Fig. 4(@), in that there is only one load compo- 
nent to be Sp cified This means that there is only one equation 
of equilibrium instead of two, and hence the subspace of equilib- 
The value of the load deter- 
of this plane from the 


As the 


rium is a plane instead of a line 
mines the perpendicular distance origin, 
but its orientation is fixed for a given truss load is first 
on the lin 


Thus 


there are now elastic lines as the counterpart to the elastic planes 


increased from Zero, the stress-sta.« point moves 


through the origin normal to the equilibrium planes 


of the previous example. 

In this case it is helpful, in studying the question of shake- 
down, to project the yield figure onto a plane parallel to the 
equilibrium planes, Such a projection is shown in Fig. 6()) 
Each equilibrium plane intersects the yield parallelopiped in a 
certain polygon, which appears in its true shape in the projection 
drawing. Fig. 6(6) shows only two such polygons, the triangles 


ABC and DEP. 


representing the extreme load values, i.e 


These are drawn as examples of the polygons 
1 BC lies in the equilib- 
rium plane corresponding to Pmsx, and DEF in that correspond- 
ing to Pmin. 

Suppose the load is first increased monotonically toward Pmax 
The stress point moves first on the elastic line through the origin 
O; in Fig. €(b) the trace of this line isthe point O. Eventually, 
however, the load reaches a value which brings the stress in one 
of the bars to its vield stress. Then as the load is further mono- 
tonically incre ased, the stress point moves in the yield plane tor 
that bar, e.g., plane MN PQ in Fig. 6(b). 

The Greenberg principle proves that the direction of motion of 
the stress point in a yield plane must be normal to the trace of 
the equilibrium plane in the yield plane, Since this trace is al- 
ways parallel to the projection plane, in Fig 
point moves along the line OH which is perpendicular to CB 
Once the stress point arrives at H, no further motion takes place 


in the “forward” direction, since H is in the extreme equilibrium 


6(6), the stress 


plane. 
Now consider what happens when the load is monotonically 


decreased from Pmax toward Pmia. First the stress point moves 


“backward” along the elastic line through H. Eventually, the 
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stress point reaches the yield plane RSNP, and thereafter, as the 
load is further decreased, i Again in ac- 
cordance with Greenberg's principle, the stress point moves along 
the line HK which is perpendicular to the side FD of the extreme 
When the point AK is reached, no 


moves in this plane. 


equilibrium polygon DEF, 
further yielding takes place, since this point is in the equilibrium 
plane for Pmin. It is seen now that, under the assumed values of 
Pax and Pyio, no further yielding takes place for all loads in this 
range, i.e., the structure has shaken down. The strain energy 
of the residual-stress state to which the truss has shaken dovn is 
represented by the line joining points O and K in Fig. 6(6). 

The shakedown state in this case is not unique; it depends 
upon the path of loading. If, starting from zero, the load were 
first decreased to Pmis and then increased to Pmax, the final elas- 
tic line would have the point Z as its trace, and the strain energy 
of this residual-stress state would be represented by the line join- 
ing O and L in Fig. 6(b). It is easily seen that the residual-stress 
state at shakedown may be anywhere on the line segments LG 
and GK, depending upon the particular sequence of loading which 
is followed. 


The possibility or otherwise of shakedown in a truss of this 


type is shown directly by the projection view in Fig. 6()). If 


the two polygons, corresponding to the extreme load values, have 
any common area in this projection, then shakedown will take 
place; if there is no common area, then shakedown cannot occur. 
It may be noted that this criterion is precisely that of Bleich’s 
theorem; this theorem will be applied directly, in the following 
section, to the analysis of trusses requiring a stress space of more 


than three dimensions 


Tests FOR SHAKEDOWN IN GENERAL STRUCTURES 


The two and three-member trusses which have been consid- 
erea in the foregoing section are special cases in that the appro- 
Hence, 


can be drawn, 


priate stress space has either two or three dimensions. 
the yield parallelopiped, equilibrium pl ines, ete., 
be studied with reference 
the 


general case of a truss with n bars analytical methods must be 


and the behavior of the system may 
to one or another of the geometrical representations. In 
devised, in order to test for the possibility of shakedown. 

In each of the two or three-dimensional eases the possibility 
of shakedown could be decided by caleulating the stress states 
corresponding to each of the extreme load combinations. In 
each calculation any convenient path of loading may be fol- 


lowed; for example, the loads may be increased while maintain- 
ing the fixed proportion corresponding to each set of extreme val- 
ues, In the truss in Fig. 4(a), for example, there are four extreme 
(Hox, Vax), (Hmax, } » (Hin, Vax), and (Hmin, 
In the case of the three-bar truss in Fig. 4(a), if a shake- 
of the residual-stress 


In the 


load values: 
V mia) 
down residual-stress state 


the 
ease of the three-bar truss in Fig. 6(a), the possibility of shake- 


xists, it is one 


states corresponding to extreme load combinations 
down can be decided by loading first to one extreme load, and 
load 
state is not a shakedown state, 

The 
trusses can be expressed in a form applicable to a truss of any 
difficult to 


prove the general validity of a test which involves loading ac- 


then to the other extreme if the resulting residual-stress 
then none exists. 
tests for shakedown of three 


ideas contained in these bar 


number of bars lowever, it probably would be 


cording to a prearranged program. Moreover, if there are many 
load components, the examination of all the extreme load com- 
in the case of n independent 
Thus, 


64 extreme load 


binations would be very laborious 
load components there are 2" extreme load combinations 
for only four independent load components, 2* = 


combinations exist, and a plastic-elastic analysis would have to 
be made for many of these, presumably 


A more fruitful line of attack seems to be one which goes back 
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to the fundamental definition of a shakedown state as one such 
that the addition of all possible elastic stress states to the residual- 
stress state of shakedown results in a state which does not vio- 


* 


late the yield conditions. Thus a shakedown state r* is one 


which satisfies a set of n inequalities, expressed by Equation [15], 
for a truss of n bars. 

In each of these (e;) is any elastic stress state allowed by the 
For each bar one can calculate the maxi- 
De- 


respectively, Equation [15] can be 


given load ranges. 


mum and minimum elastic forces by standard methods 


pax min 


noting these by ¢;"™, «¢ 


written as 


where 


Now 
can be found satisfying Equation [15] or its equivalent Equation 


Bleich’s theorem shows that if any residual-stress state 
19}, then the structure will shake down, although the particular 
state to which it shakes down may depend upon the loading se- 
quence Hence the question of the possibility of shakedown 
is at 
The 


sidual 


ean be decided by examining Equation [19] to see if ther 
least one residual-stress state satisfying these inequalities 
examination of the inequalities is aided by writing the r 


stresses in the form 


Here X,, X Y, are 
and K,,, is the 
the redundant bar p is applied, all 


being considered as removed, and no ext: 


the 
sults when ¢ 
the 


the stresses In 
stress in bar ¢ which re 
other redur 
rnal loads b 
form 


I quation [19] takes the 


Interpreted geometrically, each of tl 


e foregoing 
a region between two hyperplanes in a space of 
a point \* (X,* 
shakedown stats 


ease ol a truss with m Dars 


within which 
corresponds to a 
in the nm region 


responding to the redundant bars ; v, are 


rhus t 
sional hyperspace 

Che 
cur may be stated geometrically 
th 


these define a rec 


angular parallelopiped ir 
problem of determining whether or 

is that of determin 
n regions defined by Equation 21!) have least 
Stated the 
the inequalities of Equation [21 
“solution,” ie., a state X,*, Y,* Y,* satisfving 


equalities 


analytically, problem is that 


point 


whether 


possess 


It is clear that if » is either 1 or 2, the answer can b 


out difficulty, since all of the n regions defined | juation 


21 an then be drawn as one or two-dimensional figures In 


the ease a continuous beam on any number of supports Neal 


14) has shown how a series of two-dimensional diagrams can be 


utilized in the systematic investigation of the system of inequali- 


ties appropriate to this problem. For general rigid mes, and 


for trusses having more than two redundant mem these 
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graphical methods do not suffice. However, analytical methods 
are available for determining whether or not any system of linear 
The ap- 


plication of these methods to the special systems of inequalities 


inequalities possesses at least one solution’ (19), (20 


of trusses and frames is left to a later paper. 


A ppendix 


LiveaR Srratn-HARDENING IN MATERIALS 
A treatment of materials which exhibit linear strain-hardening 
based upon the following device: The actual bar, 
A in Fig. 7, is re- 


might bx 
whose is indicated by 
placed by two parallel bars, which undergo the same end motions, 


force-extension curve 


One exhibits perfect elasticity at all stresses, the slope of the force- 
extension curve being that of the “post-yield” lines of the actual 
bar; this is indicated by curve B in Fig. 7. The second bar has 


Force-ELonGation DiaGram or Bar EX#iBITING 
ano C: Force-E.onea- 
Bars Waicn Reprace 


Fic.7 Curve A 

Lineak Srrain-Harvenine; Curves B 

rion Diacrams or Hyporueticat Paratier 
rHe Actua Bar 


in Fig. 7, 
Both 


of these fictitious bars are of the type which has been considered 


the characteristic 


curve of ideal plasticity, curve C 
which is obtained by subtracting curve B from curve A. 


in the present analysis 
PERMISSIBLE ELONGATIONS AND STABILITY 


The questions of permissible elongations and of stability must 
be considered in applying the present analysis to general trusses, 
In the case of bars which yield in tension, the amount of elonga- 
tion is limited by the occurrence of rupture, or by other considera- 
tions which restrict the extension that may be permitted. A 
method for determining the permanent extension has been indi- 
cated, in connection with the two-dimensional example treated 
in Fig. 3. An attempt is now being made to develop means of 
estimating the magnitudes of the permanent elongations which 
may be produced by loading within given ranges, in the general 
probk m 

Another, and probably more 
when one considers the stability of a strut loaded to the compres- 


fundamental difficulty appears 
sion yield force. It is easy to see that, if a compression member 
actually could possess the flat vield curve which is characteristic 
of “ideal plasticity,” it would be unstable once the yield force is 
reached. Moreover, the curve of force versus elongation would 
show a sharp drop from the yield force, as soon as buckling occurs. 


* The authors are indebted to Prof. J. B. Diaz of Brown University 
for these 


references 
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This fact may mean that no important member of a truss (the 
loss of which would throw excessive load onto other members) 
must be allowed to yield in compression, unless it is braced against 
lateral deflection. On the other hand, the existence of strain- 
hardening even in the materials with limited flat yield regions 
might mean that the compression characteristic, even with buck- 
ling, would not differ so greatly from the idealization in Fig. l(a), 
as to invalidate the present treatment. Experimental tests with 
actuel materials whose properties approximate the ones assumed 
here will be helpful in deciding these questions. 
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Crushing of Aluminum Tubes Under Hydro- 


static and Localized Pressure 


By E. CREUTZ,' PITTSBURGH, PA. 


In the theory of elasticity equations have been derived 
by Sturm and Timoshenko for the crushing strength of 
long tubes subjected to external hydrostatic pressure. 
These equations have been found to fit experimental data 
on steel tubes, provided the length is several times the 
diameter, and the ratio of diameter to wall thickness 
exceeds about 30. No similar test data had been taken 
on aluminum tubes so an experimental study was 
carried out to determine whether the equations men- 
tioned would apply. No satisfactory correlation was 
found to exist, but a simple equation was derived which is 
well within the reproducibility of the test results. 


N the early days of the design of the uranium chain-reacting 

piles, several schemes were contemplated making use of 
aluminum tubing for cooling ducts.? In some of these, 
conditions were met where the pressure exterior to the tube ex- 
ceeded that within it. Conditions were also expected in which 
two tubes would be tightly pressed against each other. 

In the theory of elasticity, equations exist for the crushing 
strength of long tubes to which hydrostatic pressure is applied 
externally. In general, these fit the experimental data taken by 
various investigators on steel tubes, provided the length is several 
times the diameter, and the ratio of the diameter to the wall 
thickness is greater than about 30. Sturm’s* equation and Timo- 
shenko’s* equation fit the data, for instance, of Jasper and Sulli- 
van’ rather well when the wall thickness is less than 2 to 3 per 
cent of the diameter. These equations follow: 


Sturm’s equation 


a*K(2n? m) 


m?*) 


n? + atk? + 


1? n? (1 


Timoshenko’s equation 


p kw? 
: 4(1 
Carnegie Institute of Technology 
Atomic Energy for Military 
Princeton University Press, 1945. 
Doctorate Thesis, by R. B. Sturm, submitted to the Department 
of Theoretical and Applied Mechanics, College of Engineering, Uni- 
versity of Illinois, Urbana, II. 

* Applied Elasticity,"’ by 8. Timoshenko and J 
inghouse Technical Night School Press, East Pittsburgh, Pa., 
Equation [235], p. 248 

* “The Collapsing Strength of Steel Tubes," by T 
and J. W. W. Sullivan, Trans. ASME, vol. 53, paper no. 
17b, 1931 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y.. November 27—December 2, 
1949, of Tae American Society or Mecuanicat ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1950, for publication at a later date 
received after the closing date will be returned 

Note 
understood as individual expressions of their authors and not those 
of the Society Paper No. 49—A-23 


Purposes," by H. D. Smyth, 


M. Lessels, West- 
1925, 


McLean Jasper 
APM-53- 


Discussion 


Statements and opinions advanced in papers are to be 
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where 
Pe, Pr 
E = modulus of elasticity 


collapsing pressure, psi 


Ww wall thickness of tube 
D outside diameter of tube 
n number of lobes in which tube collapses, taken as 2 
for long tubes 
ety? 


, Where r is outer radius of tube, and L is length 


of tube 


parameter for end effects, taken as unity for long 
tubes 


m = Poisson's ratio 


The simpler equation, that of Timoshenko, is found to give 
good agreement for “long tubes,” that is, with the length greater 


than about 8 times the diameter, providing W /r is small enough 


I-XPERIMENTAL Stupy TO DETERMINE CRUSHING STRENGTHS 

Since the data on steel tubes do not fit these equations when 
the wall thickness is appreciably greater than 2 per cent of the 
diameter, and since no data were located on aluminum tubes, an 


experimental study was made to determine these crushing 
strengths when hydrostatic pressure was applied uniformly to the 
exterior and also when a “‘linear’’ pressure was applied essentially 
along one line at the outer surface of the tube by pressing against 
it a parallel rod of approximately the same diameter. For these 
experiments a series of several sizes of tubes were prepared from 
28 aluminum about '/, hard. In cold-drawing each individual 
size, the drawing schedule was calculated to produce the same 
the that the 


hardnesses of all the tubes were nearly identical 


reduction in area from initial annealed state so 
The method of testing the tubes for hydrostatic pressure con- 
briefly, 
through the walls of which the ends of the specimen ¢ xtended so 
The 
all but the 1-in-diam 


The data 


obtained did not fit the equations nor the formulas for thick- 


sisted, of mounting them in a special pressure vessel 
that atmosphe ric pressure Was always inside the tubes 


le ngth used was 6 :in., sufficient to make 


tubes fall into the class of “long tubes” as defined 


and thin-walled brass and steel tubing given by Carman and 
Love ‘ 

Since it may be of some use to estimate the crushing strength 
of arbitrary aluminum tubes in this range of W/D, an empirical 


formula was developed from these data as follows 


D3 ws 
log: 2.95 


P = 1.52 x 10 , 
ws D3 


Table 1 lists the diameter of the tube in inches, the observed 
pounds per square inch, the crushing 
3], the 
and the percent- 


crushing strength in 
strength calculated from the empirical Equation crush- 
ing strength P; calculated from Equation [2], 
age difference between the observed crushing strength and that 


calculated by Equation [3]. It is seen that the formula fits the 


* Formulas by Carman and Love, Mechanical Engineers’ Hand- 


book, by L. S. Marks, fourth edition, 1941, p. 450. 





CREUTZ—CRUSHING OF ALUMINUM TUBES UNDER HYDROSTATIC 


TABLE 1 DATA ON TUBES TESTED 
Difference 
P calculated (calculated 
from empirical Pr calculated by [ 
P observed Formula [3], from Equation[2] observed) 
Win psi psi psi per cent 
0.020 290 260 7 10 
0.030 5 667 7 
0.060 2360 
0.080 2660 
0 020 52 304 
0 025 a3 
0 030 1200 
0. 020 
0. 025 
0.030 
0. O15 


0.020 


data on tubes from 0.2 in. to 1 in. diam, with wall thicknesses 


from 2 to 8 per cent of the diameter, with a root-mean-square 
error of less than 6 per cent. The formula breaks down com- 
pletely when the wall thickness exceeds 9 per cent of the diame- 
with 0.020-in. wall 


ter (e.g., 0.202-in. tube 


Using the value of E for aluminum 
1.00 < 10° psi 

and the value of Poisson’s ratio 
m = 0.33 


Timoshenko’s equation may be written 
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WALL THICKNESS (INCHES) 


Fic. | Expermmentat Data Saowine Evastic Limit ano Uvti- 

MATE STRENGTH oF ALUMINUM TuBEs AGarInst Waica a Paratien 

Rov Has Been Pressep Wits a Force Per Linear Incu = F 

(The data are seen to follow roughly along a line whose equation is ¥FD = 
in which D = tube diameter, in.; 


VKW W = wall thickness, in.; F = Ib 
per linear in.; K = psi.) 
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Ww 
Py, = 0.280 E 
= 
and the empirical relationship, Equation [3|, becomes 
ri 2 
Py log 


r 


; 
log 
lil w? 


uN 
P = 0.187 E 


r3 lllw® 3 


How- 


ever, for values of W greater than 6.6 per cent of r, P is less than 


It may be seen that Pp = P when W = 6.6 per cent of r 


P,, and for values of W less than 6.6 per cent of r, P is greater 


than Py. No simple relationship covering the full range of thin- 


walled tubes where Timoshenko’s equation should be satisfied, 


as well as this range of intermediate walled tubes which obey the 


empirical relationship, was found 


Test Resutts 
The tests made with the application of pressure essentially to « 
” 


linear element of the tube vielded the data given in Tabk 


TABLE 2 DATA FROM Tt 
Crushing 
Yield 

per cent Av Average 


Ib per in 


erage Ultimate 
Ib per in b per in. Ib perin 
45 
46 44 
41 
44 
47.2 
46.6 
88.5 
8S 


om 
a6 
“7 
we 


100.0 


In this case the crushing strength is given in pounds per linear 
inch, and the yield point, defined as the load causing a permanent 
deformation equal to 0.2 per cent of the diameter, was also de- 


termined. There is some indication of a slight decrease in 


strength with an increase in length of the tube This may be duc 
to difficulty in aligning the longer specimens or their deviation 
from straightness 
An inspection of the data shows that an equation of the form 
F=KW*/D 


Here F 


foree per linear inch, W is the wall thickness in inches, and D is 


is well within the reproducibility of the results is the 


the tube diameter in inches. If the square root of the product of 
the applied force per inch and the tube diameter is plotted against 
the wall thickness of the tube, the points follow quite well along a 
straight line whose slope is the square root of the constant A (Fig 
1). The value of K for the crushing strength is 4.7 « 10° 
psi. For the elastic limit, the constant 29 x 
10‘ psi. Table 2 lists the diameter of the tube, its wall thick- 
ness, the length of the specimen tested, the load in pounds per 
inch sufficient to reach the elastic limit, and the ultimate sus- 
tained load in pounds per inch. These observed values fit the 


has a value 
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empirical equation given, with a root-mean-square error of less — the Metallurgical Laboratory, University of Chicago 


under the 
than 10 per cent. 


Manhattan Project, and is deseribed in Document MDDC 1448 


The mechanical tests were performed by Armour Research 
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Foundation. The aluminum tubes were prepared by Mr. James 
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Stability of Flow in a Rocket Motor 


By D. F. GUNDER?® ano D. R. FRIANT 


This paper presents an analytical treatment leading toa 
criterion for the proper design of liquid rocket motors to 


“chugging”’ 


insure freedom from the phenomenon of 


without unnecessary increase in fuel-tank or fuel-pump 
pressures. The most successful of the several methods 
suggested here is that of Nyquist, which involves a simple 
conformal transformation. The analytical treatment pre- 
sented in this paper has been applied successfully in prac- 


tice to eliminate this type of instability. 


INTRODUCTION 


N Fig. 1 is seen a simple monopropellant rocket system. It 
consists of a propellant tank containing liquid propellant 
fed by the constant pressure p, through a propellant line and, 
by way of an injection nozzle, into a combustion chamber where 
it burns and passes out the exhaust nozzle. 
Consider the behavior of the system if for any reason the ve- 
through the injection nozzle momentarily de- 
\ short 


time after the decrease takes place, its effect is felt at the point 


locity of flow 


creases by a small amount from its steady-state value 


of combustion (assuming point-combustion ) in the form of a de- 
crease in the rate of burning and therefore a decrease in pressure 
at the point. The pressure decrease spreads through the com- 
bustion chamber in a wave which ultimately reaches the injection 
nozzle and causes the rate of flow of propellant into the chamber 
to increase 

Shortly after the increase in flow occurs, the pressure at the 
point of combustion is increased, resulting finally in a decrease in 
the rate of flow from the injection nozzle. The cycle continues 
ad infinitum, with the propellant velocity pulsating This pres- 
sure pulsation is known as “chugging.” 

It is clear that the amplitudes of the pulsations may become 
either larger or smaller with time, or they may remain the same 
If they beeome larger, the system is unstable; otherwise it is 
stable Continued chugging preduces an undesirable irregu- 
larity of thrust and if too severe will result in rupture of the 


rocket ymnbustion chamber 
Tue System 


The tollowing nomenclature is used in connection with the sys- 
tem in Fig. 1 


1 = area of fluid columr 
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delay time between reduction of flow from injection 
nozzle and resulting increase of flow from nozzle 

diameter of fluid column 

pressure drop from tank to combustion chamber 

Pi — Pe 

coefficient of fluid friction for propell unt line 

gravitational acceleration 

pressure coefficient 

pipe length between tank and iInjechion nozzk 

equivalent pipe length between tank and injection nozzle 

pressure 

density of fluid, mass per unit volume (assumed constant 
tlong line 

time 

velocity of fluid 


propellant flow rate, weight per unit time 


Subseripts | and 2 refer to the tanks and lines, respectively 
1, v, d, ete., with no number-subscripts, refer to properties of the 
injection jet. The chamber pressure near the nozzle is denoted 
by pe. The subscript S is a reference to a steady-state parame- 
ter All other notations used will be defined as they are en- 


countered 


~ TANK 
Ayn GH, = COMBUSTION 


CHAMBER 





INJECTION 
NOZZLE 
A,@v— 


ExHaustT 
NOZZLE ~ 
Fig. 1 Monorroreccant Rocket System 


4 and d are ditnensions of jets——-not orifices and are actual and 
equivalent pipe lengths from tank to injection nosale 


We assume here that the rocket is not accelerating Accelera 
tion, in general, will assist the flow of propellant into the cham- 
ber: so that, rigorously, we shall be able to apply our resulta to 
rockets on test stands only However, these results can be 
adapted lor use with accelerating rockets At any rate, an analy- 
sis similar to this one can be carried out in which acceleration 
is taken into account 

We neglect the effects of water hammer, compressibility of the 
liquid propellant, and pressure waves rebounding from the walls 
of the combustion chamber 

We assume point-combusion, that is, no propellant im = the 
chamber burns until it has traveled a certain distance beyond the 
injection nozzle. It all burns at precisely that distance fro 
the nozzle. In reality, the combustion of propellant is distribei- 
ted throughout a sigable volume and is often not complete 
even at the exit of the exhaust nozzle Assuming point-com- 
bustion will tend to make our results conservative, since distribu 
tion of combustion has the effect of smoothing out the pulsa- 


tions of the system 


ey 


0 EL OI 





JOURNAL OF 


EQuATIONS OF MOTION 


Setting the external work done on the fluid in the tank and line 
during the infinitesimal time dt equal to the change in kinetic 
energy plus losses gives 


PiAyidt PcAvdt = '/s pQv*dt 1/5 pQu,7dt + plAgade: 


n which Q is the rate of flow For incompressible fluid 


(7 


(>) 
an = 


l’ fd 
y? 
dz \dz 
We let the velocity v be made up of a steady-state velocity vg and 
a variation from steady-state velocity, v’, that is, v = vg + v’. 


Neglecting terms containing (d/d,)* and v"?, we get 


v(a\1,, 
p's i+fe ; v’ + '/, prg? 
f 


d \? dv’ 
m— Pew ls) 


For small oscillations, assume that the chamber pressure can be 


sal 
ye = pes (1 T k “) (2] 
V's 


where peg is the steady-state chamber pressure and k is a con- 


written 


stant that tells how the chamber pressure varies with propellant 


velocity. The symbol rg’ means v’ evaluated at time t a 
rather than at time t 


Substituting Equation [2] into [1] gives 


Pes 


Hence from Equation [3] comes the equation 


which will be found useful in computations, and 


APPLIED MECHANICS 


SEPTEMBER, 1950 


SOLUTION 


Vethod 1. 
requires that some form of disturbance be assumed for 1 


Evaluation of v’ from the differential Equation {5} 
For 
Instance, one Can assume 


p’ 0 
, arbitrary 
0 t 


For the interval in which v’ is arbitrary, the arbitrary function 


may be assumed expansible in the series 


Gra’ D. C,en! 
l 


Then values of may be found by successive substitution and 


integration by intervals. However, these values, once deter- 
mined, do not readily vield information regarding stability of the 
system. 


Method 2 
forms by assuming first that vr’ 


Equation [5] may be treated by Lap'ace trans- 
t) has a Laplace transform V(s), 


Then note that 


d| 


where f(t) is the disturbance v'(t) in the interval a<t< 


Substituting these transformed terms into Equation [5] gives 


(0+)+ EV 


The inverse transformation of this expression gives 


example, let f(t) be defined as follows 


Then the 
debted to H. Pollard,‘ gives 


et 
a 


inverse transformation, for which the authors 


However t) is not tractable for stability determinations in this 
form 
Method 3 


mation on stability for the monopropellant case 


The process to be considered now does give infor- 
Assume that 
can be ¢ \ponded in the series 


a ye 
~ 
0 


Substitute one term of the expansion into Equation 
of Mathematies, Cornell University 


* Associate Professor 
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the conditions the ¢’s must satisfy in order for the series to solve 
the differential equation. 


t t 


Ce *+ECe * = —GCe 
B = Hé 
B = ak, H = aG 


in general, ¢ is complex and can be written 


Equation [8] becomes 


t+ in B = Hé&(cos » + isin 9 


j = B+ He COB 7 
ln = He sin » 


From Equations [9a] and [9b] 


But from Equation 


tl 


The values of & and 9 for which f, = f, give the possible values 
10} and [11 


that each possible real part & of ¢ can have associated with it 


for ¢ in Equation [7 It is seen from Equations 


both a positive » and a negative ». The two resulting ¢'s form 
a conjugate pair. If any pair of ¢’s has its real parts negative, 
the corresponding pair of terms in the expansion of e’, Equation 
7|, will increase in amplitude with time; and the system there- 
fore will be unstable 

The funetions f, and f, are plotted in Fig. 2 for positive values 
of ». The ordinates at the intersections represent solutions of 


té=f,=f It is not difficult to show that if the first solution 


&, for which O S y < x, is positive, then all the following &, are 


also positive and the system is stable 


} 























A 
a 


2onr 




















> 
> 
2onen 


Ff aa sr 


fa=B+ = fom H' + in 


tan® sin” 


Fie. 2 Tue Functions foe(n) ann fo(n 


The critical condition is & = 0 or 


ul 
H Sin 9, 


= ( = In 


That is 


tan » 
From which 


B+ H con m = 


and 
hn = H sin » 


Hence the critical condition becomes 


( i) Heal (= = Ve — 8 
cos ~! = 2 2 2 i2 
H \ i) 


To a close approximation (1, 2),5 Equation [2] can be written 


Then Equation [12] becomes 


where 


or, by I quation 


nm when 


propellant flow rate, weight per unit time 
Ap=p Pe 


Equation [13] is represented graphically in Fig. 3 


Vethod 


and in addition to yielding easily the solution for the mone 


This method is the easiest to use of any of the 
hour 
propellant system, it is the only method of the four found to solve 
the bipropellant system to be considered next Lat us assume 
in expansion of in the form 


a 
] = 


is { if 
Substituting in Equation [5] and canceling exponentials, we get 
lor any J 


B+2+ He *+=0 14 


\ theorem from complex variable theory becomes useful here 
If a function f(z) is analytic, except for possible poles, on and 
within a given contour in the z-plane, then the number of times a 
plot of f(z) in its own plane encircles the origin in a counterclock- 
wise direction while z travels clockwise once around the given 
N, where P and N are, 


contour is given by P respectively, 


* Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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travels once around the path y, the number of times the plot en- 


circles the origin will equal the number of zeros of f(z) within the 





contour and hence in the entire right half-plane. It is clear that 








for stability the plot must not encircle the origin. Let us de- 
note by A this plot in the f(z -plane 


In general is comple X Hence we may write 


We note that z = R cos ¢ and y = Resin ¢, where ¢ is the ph it 
ingle of 2 Values of f(z) on the semicircle ABC are found by 
substituting Equation [156] into [14 

+ ik sin ¥ 


¥ [cos(R sin ¢ — i sin (RP sin ¢ [16 


If & is very large, then for all points on the semicircle, except 


in the neighborhood of A and C, the factor e~ “ ©°* ¢ js small. and 
Equation [16] can be written 


+ R eos ¢ + ik sin ¢ 17 


So the semicircular part of y transforms nearly into a semicircle 
in A with its center at B + 7Q. 

To plot \ for the vertical part of y, substitute | quation [15a 
into Equation l4}and set r = 0 


= B+ H cosy 4 B sin i8 


The complete plot is shown in Fig 5 Notice that A is symmet- 











rical about the real axis and that the curve A’B’C’ can have no 
effect on stability for sufficiently large PR. So we need plot 
only the looping part of \ for y 2 0, asin Fig.6. This plot aetu- 
illy can be drawn for each system analyzed. However, for 
} Stanmity Diagram ror MonopropeLLANT System the simple monopropellant system, we ean use the plot. merely 
as an aid to finding the analytical expression lor the stability 
conditions 

y A It is easily shown that the loops do not open up until B is far 
(IMAG) : a ; 
into impossible negative values. Then it is obvious from geome- 


try that the eritical condition exists when B is small enough to 


A 
r 
o 8 
+—- > 
Fr z)- 











THe Cur 


the num of poles and number of zeros of f within the con- 
tour, enc wile and zero being counted according to its multi- 
plicity Ihe theorem arises from the work of Cauchy \ 
derivation is given by Bode (3) in his book concerning the sta- 
bility of electrical systems 

In accordance with the Nyquist method (3, 4, 5, 6) consider 
the values of f(z) as z varies around the path y in Fig. 4, made up 
of the imaginary axis and a semicircle which we can make larger 


und larger until, in the limit, it includes the whole right half- 





plane. Since our function f(z) has no poles, we know from the 


foregoing theorem that if f be plotted in the f(z)-plane as z >» THe Curve AUN THE 
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1 
LOW 


passes t! 


which 
It i 
B 


obvi 


H 


A simple 


erally the 


orres 


is of 





hrough the origin When the curve 


' H sin 


= ( lt 


tan 


Il by the last method. 


ilways 8 


course the result we obtainec 


that the system is table if 
wrespond to hig lation 


from geometry 


if B/H I 


ous 
2 seen from Equation 
BirrOPELLANT SysTeM 


We use gen- 


bipropellant system is shown in Fig. 7 


same nomenclature as for the monopropellant system 


pond to Equation [4 and assuming 
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Substitute Equation [25] into [21] and get 
d*y'» dv’  & _ [doy 
ee a -Gr v'ar — Eo 

dt? dt 


+ Gigr'’ 7 ar + Ey ‘ar + Gyr’ 


and sine 


uw = Ey + Eo 
Mg 


y= E,>0 


= EyGo + EG; 


Now 


of such a form that it can be expanded in the series 


iwsume a disturbance Up in the interval 
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IMAG | 


S THe f(z)-PLANE ror A BiIPROPELLANT SYSTEM 


has the same general shape as in Fig. 8 for sufficiently large R 


For this bipropellant system, we 


shall probably find it necessary 


to make the plot anew for each new set of numerical values of the 


system parameters 


letting By = aE,y, By = aE, H, 


has any zeros with positive real parts, our system 


Again we let 
20a 
>}, 


\ sues of f ’ ul rele 


stituting equation [295] into [28 


1BC in Fig. 4 are found by 


sub 


e tN + e~®o ¢1(RS cos ¢ 


¢ sin (2 sin ¢ + i | R* sin 2y¢ 


WR sin ¢ * (RS sin ¢ cos (2 sin ¢ (RS cos 


+ 7) sin (R sin ¢)}; 30 


on AOC, substitute Equation [29a] into [28] and 


+ a My 
T sin y 31 


We can now plot in the f(z)-plane values of f(z) for the complete = ¥ here 


path ¥Y We call this plot \, as before The curve thus plotted 


takes the form shown in Fig. 8. The loops correspond to the 
vertical part of y, plotted from Equation [31]. The remainder 
corresponds to the semicircular part of y from Equation [20 

The curve is symmetrical about the real axis, and so we need 
plot only the part of A tor which y 2 0 Furthermore, we need 


not plot the semicircular part, for we can show that it always 


However, computation can be simplified bs 


Hy, = alin 


= aG; 


B, 


iF ) 
ly 


l 


l + 
| + 


fl 


l 


2 
ton (ae) 
Begs ig 
sg Fy bs 


, from | pute 


B, 


uel flow rate, weight per unit time 
oxidizer flow rate, weight per unit time 
Ups OP, 

Pos Wp 

Wos OP, 

Pes Owe 
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S = Hy + Ho 
T = ByHy + BoHy 


M = By + By PRs 
N = ByBo - 
A study of Equation [31 

(N 7 


1 
2 Sand 7' determine the size of the loops. 


will yield the following information: 


is the starting point of the curve (where y =0 


3 M determines the parabola about which the curve loops, 
an increase in MV increasing the stability 


EXAMPLE 


To apply the foregoing method to the idealized bipropellant 
system cousidered here, determine the four parameters M,N, S, 
as defined by Equations [34], and plot in the complex 
If this 


otherwise it 


and 7’, 
plane, for y 2 0, the function given by Equation [31] 


plot encircles the the system is unstable; 


origin, 
hree observations at the end of the 


is stable. By applying the 
preceding paragraph, one can easily see from the plot how the pa- 
rameters of an unstable system can be changed to make the 
system stable 
Consider the following example 
a S X 107? sec 
1.19 « 10 
7.10 X 10~* sq ft 


= 7200 psf 


* sq it 
Pes = 72,000 psf 
wy = 0.365 lb per sec 
» = 7200 psi Wo = 0.635 lb per see 
0.4 
= 0.6 


quation 


mi i 


V=B, +8 
V = BBo 


juatie 
10.50 
BoH, = 


~»>9 


Substituting these values in /equation [31] gives 


Sy sin y + T' cos 


y? + 10.50 y sin y 


21 y + 10.50 


Y COS Y 


This funet 


the plot encircles the origin, the system is unstable 


on is shown plotted in its own plane in Fig. & Sines 


Let us change the system parameters as follow 
10 sq ft Apr = 


APo 


44,600 pal 


LO * sq ft 14,600 psf 


Hy = 1.768 


from which 


= 10.83 


= 20.3 


S = 4.36 
T = 23.7 
The 


plot does not encircle the origin, the modified system is stable 


resulting function f(z) is plotted in Fig. [10]. Since this 
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The Calendering of Plastic Materials 


By R. E. GASKELL,’ AMES, IOWA 


Many industries, notably the paper, linoleum, rubber, 
and steel industries, use a rolling process to form or other- 
wise treat sheets of these various materials. To most 
engineers, perhaps, the term ‘rolling’ brings to mind only 
the rolling of steel or aluminum—solids with definite yield 
points. Several mathematical studies of the rolling of 
such materials have already been made.’ In those studies, 
any shear stress beyond the yield stress is neglected. The 
plastic materials handled by other industries, however, 
do not often have the definite yield point of steel, or, after 
yielding takes place, they may behave more like liquids of 
very high and usually variable viscosity. Shear stress 
beyond the yield point, due to viscosity, cannot therefore 
be neglected. Consequently, a different approach must be 
nvade if a mathematical description of the process is to 


be formulated. Such an approach is made in this paper. 1 Process ILLUsTRAT 


Tue CaLeENDERING oR ROLLING Process CALENDERING oF A Viscous Liquip 


HE term ‘‘calendering,”’ which is usually used with reference When a viscous liquid moves slowly between the parall 


to plastics such as linoleum mix, denotes the formation of / * {, so that the motion of any particle is always paralle! t 
a sheet by rolling a mass of material of indefinite shape be- then the shear stress r, velocity u, and pressure p, satisfy 

tween two cylinders. There are many variations of this process ferential equations’ 
Besides the mere formation of a sheet, a backing material may be 
passed through simultaneously. As in the steel industry, a sheet 
may he passed through several sets of rolls, or a sheet already 
formed may be calendered fonly to improve its surface finish 
This paper, however, is coneerned only with the formation of where : eee ! ‘ l 
thin sheets by a two-roll calender have 

This process is illustrated in Fig. 1. The rolls, which are as- 
sumed to be of great length, act upon a thin wedge of the material 
which is compressed, softened, and forced to flow through the nip 
of the rolls, where the distance between the rolls has the minimum 
value, 2%. After passing through the nip, the material fills th 
gap between the rolls for some time, until, when some thickness 
2t¢ is reached, the material leaves the rolls as a solid sheet. This 
excess thickness over the thickness at the nip will be explained 
solely on the basis of flow characteristics of the material and not 
as a consequence of elasticity 

Materials that are calendered linoleum mix, rubber, and 
other plasties—vary widely in their properties. None is a viscous 
liquid, for a true viseous liquid will not form a sheet. Hene 
whatever mathematical procedure is used, it will be almost use 
less if it applies only to viscous liquids or even to materials which 
approximate a viscous liquid. A procodure which is valid for cer- 
tain incompressible liquids of varying viscosity will be developed 
For simplicity, it is developed first for viscous liquids, then ex- 
tended in the section on “Structural Viseosity 


lowa State College 
See, for example, “Beitrag zur Theorie des Walzvorganges,"’ by 
von Karman, Zeite ft fiir angewandte Mathematik und Mecha 
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We have in Equation [5] an expression 
Let us assume that this still holds 
Further, let us use 


for smal! values of 2/R. 
for dp/dz, when ¢ is constant. 
when ¢ is a function of z, as in Equation [8].‘ 
a dimensionless form of the variables z and y 


E=7/V2Rby = = Vt/to 


£ 


V 2Rt 


y7 = Y 


dp Gul’ | & 


dé to L(1l + &*)8 


si 


6 = WV 2bo/R<K 1 


Integration of Equation [9] gives 


3é*E,? 
' ee) + (1 3&,*) tan et 


+ C [10] 


We must 
Equation 


to determine 


now evaluate & and the constant of integration in 
10) by finding or assigning two conditions from which 
them For one of these conditions we turn to the 
section at which the calendered material leaves the rotls, ie., the 


exit, & = f,. If we require that the velocity be uniform (inde- 


pendent of y) at the exit, then ¢ = O there for every y; and by 
? 


Equati« n 


dp/dr dp/dt = 0 


i 


Hence from Equation [9 


sign being taken because the exit is to the left of the 
w evidently p(ég) = 0, so 


(1 3f,?)tan ~'& (1 + 3&%)&/(1 + &%) 
For any incompressible material £ can be determined by the rela- 
tion Y = 2U'4, when the volume of calendered material and roll 
speed are known, 
We observe that when a true viscous liquid is calendered, the 
pressure reaches a maximum at & = &, and falls to zero at & = 
§;. The shear stress is found by integrating Equation [2] and 


requiring that r(0) = 0 


‘= 


y dp/dr 


Evidently r = Oalso when = * & (see Equation [9]). Stream- 


lines can be constructed by integrating Equation [1] and finding 


v so as to satisfy the continuity equation 
Ou/Or + Ov /Oy = 0 
Srructurat Viscosiry 


In the dealt with an 


liquid with constant viscosity, a material which is called a 


preceding section we incompressible 


“Newtonian liquid.”’ Experiments show that in many materials 


the viscosity » 22... the ratio of shear stress to shear rate, 1s not con- 


stant at all. If, for a given material and under given conditions, 
* The sar 
‘4 Surv 
Blair 
39-34 


» results will be found if the perturbation method is used 
ey of General and Applied Rheology,” by G. W. Scott 
Pitman Publishing Corporation, New York, N. Y., 1944, pp 
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the shear rate can be expressed as an odd function* of the shear 
stress alone, that is 
du/dy = f(r) {il} 


non-Newtonian” 
Note that all 
materials cannot be classified thus; in particular, any material 


that material is said to be a ““Newtonian”’ or * 
liquid, according as f(r) is “linear” or “nonlinear 


having some ability to recover its original shape is excluded.’ 
Let us use the method of the preceding section to find an ex- 
pression for the pressure gradient during calendering of a non- 
Newtonian liquid. We shall use Equation [11] with Equation [2], 
but first let us substitute the dimensionless variables £, 7, changing 


the equations to read* 


where 


Ud)f(r) 


g = dp/dg 


Since the problem is symmetric, 7 (0) = 0, so from Mquation 


[13], 7 = gn, and Equation [12] can be written 
du dy = UF ign) 14 


Now if Equation [14] is integrated we have’ 


- 


1 z 
u/U =) / F(8)d3 
g Jr 


g (1 + &)/2. Note that when y = ¢,9 = (1 + €*)/2, 
anda/U = 1 


2UER { =, 
9 Jo g 


But ¢, is defined so that 


where 
, = 2, A second integration gives the rate of flow 


2 
/ F(g)de | 43" 15 
J 8’ 


Q 2%, QUi(1 + &%) 


15] may be reduced to 


z . 
&it)/2= 2 ff’ F(abds 


so Equation 


Si’ I F(s)dpds 16 


Now the second integral in Equation [16] can be written as a 


fs F(8)(z 


16] becomes 


g%s (¢? 


single integral” 


B)ds 
after reduction 


2 iy BF (8)d8 17) 


between 


o that Equation 


2(¢? £7) /a(1 ¢*)? 


‘ 


Thus we have a relation between z and £& and indireetly 


gand &. Given §&, the pressure gradient g(&) can be found 


* A function f(r) is odd if f(r) = —f(r) 

’ Experiments with linoleum mix indicate that it is very nearly in- 
compresmble, but no experimental resulta concerning ite elastic be- 
havior are available. However, it does not compare with some other 
materials such as vinylite in its elastic-recovery ability. 

* The shear stress and pressure cannot be made dimensionless be- 
cause in general there is no fixed quantity, connected with the 
problem, available as a standard 

* The variables 8 occurring here and 8’ in equation 
ables of integration. The integrals themselves are functions of the 
limita, rand z 

'°**The Mathematics of Physics and Chemistry, 
and G. M. Murphy, D. Van Nostrand Company, Inc 
N.Y... 1943, pp. 507-508 


(15) are vari 


by H. Margenau 
New York, 
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EXAMPLE—CALENDERING OF BINGHAM MATERIAL 


Let us assume that a given material possesses a shear stress- 
strain rate relation of the type 


fo O<r<k 


fe) = v(r k) k<r 


Such a material is called a “Bingham material,” 
To apply the results of the preceding 


with f(r) odd 
with the yield stress, k. 
section, we must write 


0 O<r<k 


me) = | Qte v (r k)/Ui k<r 


and then Equation [17] easily reduces to 


4 


vlo . 
skz? 


6U'2? 


+ 3k3 * Qk? gE? — £,2)/(1 + €%)? .. [18] 


where the upper sign holds for z 2 k, the lower sign for z Ss —k. 

Since r = 0 when » = O, during calendering of Bingham ma- 
terial there will be a solid core of variable thickness within it. 
The thickness of this selid core depends upon the value of , say, 
Since r = gn, when r = +k, Equation 


m, for which r = #k. 


[18] becomes 
(30? — 3 * 2 (op? — 1/p))/6U = (¢? — &7)/(1 + &)?. . [19] 


v kto 


Thus Equation [19] is a relation ex- 
We observe that for 0 < p s 1, the 
positive when the 


with p = 2m /4(1 + &?). 

pressing no in terms of &. 

expression in brackets is zero when p = 1, 

upper sign is used (z 2 k), and negative when the lower sign is 

used (z 3S k). The boundary of the solid core therefore 

2+kin 
k there. 


touches the calender rolls at = *£. Fort >&, 7 
£ 
é 


the flowing material, while for hi <€ »?rs 
A sketch of the core is given in Fig. 2 

We can give now a description of the behavior of Bingham 
material during calendering, derived entirely from the mathe- 
Entering on the right, the faces of the material 
The core 


matical analysis. 
are softened as the solid material moves into the rolls. 


(SSN Sotid 
Liquid 


Fig. 2) Sketrcen or Core 


SEPTEMBER, 1950 
speed increases, while the shear rate decreases, thus allowing 
some of the softened material to solidify again. When & = &,, the 
speed of the core is that of the rolls, and the core extends from roll 
to roll. 

After the material passes through the solid state at & = &, the 
core speed continues to increase, giving rise again to shear forces 
which soften the material near the rolls. This effect continues 
the core velocity is a maximum, but its 
Beyond the nip, the reverse proe- 
, is reached, the 


until at the nip (& = 0), 
thickness is a minimum there. 
ess takes place, and by the time the section — = 
solid core extends from roll to roll, and the calendered material 
leaves the rolls at that section. This is an interesting result, since 
in previous discussions of calendering it has been assumed that 
the sheet leaves the calender at the nip.'' Unpublished experi- 
mental results of J. T. Bergen show that t, [= (1 + &*)to] is 
actually from 20 per cent to 80 per cent greater than t 


Some GENERALIZATIONS OF THE ME1HOD 


It is possible to reduce the problem of calendering with unequal 
roll diameters to the present symmetric problem by the substitu- 
tion of 


t = to + r*/2R 


where 


i} ( 1 l ) 

R 2\R R; 

The negative sign is used if the 
The peripheral 


for Equation [8], 


5 


R, and R, being the two radii. 
axis of the smaller roll lies inside the larger roll 
speeds of the two rolls must still be the same. 

If the peripheral speeds are unequal, a more complex proce- 
dure, essentially a method of successive approximations, must be 
used to solve the relation that replaces Equation [17]. The same 
ean be said of the problem of different roll temperatures, assum- 
ing that that temperature difference leads to a shear stress-strain 


rate relation of the form 


du/dy = F(r)/( + en /t) 
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Matrix Solution for the Vibration of 
Nonunitorm Beams 


By W. T. THOMSON,' MADISON, WIS. 


A matrix method for the determination of natural 
frequencies of any nonuniform beam is presented. It 
accomplishes the same task as that of Mykiestad’s tabular 
method with the added advantage of simplicity of formu- 
lation. Included is a procedure for the case where the 
nonuniform beam is represented by a series of uniform 
sections. 


NOMENCLATURE 
The follow Ing nomenclature is used in the paper: 


Ss 


M, 
6, slope ati 


shear at position just to the left of station 1 

moment att 

deflection at i 

angular displacement of i with respect to a tangent at 
i + 1, due to unit shear and unit moment at i 


Ys 
AS8i, My 
dg,, dy; linear displacement of i with respect to a tangent at 
i + 1, due to unit shear and unit moment at i 
= mass att 
frequency in radians /sec 
= length of section i 


mw 


E,l, 
INTRODUCTION 


Myklestad’s tabular method? is probably the most successful 


Sy 1 + mi4i w*(avg,l; dg, 
Mi l; 
6 


Ys 


as; 


(asl, — ds,) (ay,l, 


method of determining the natural frequencies of nonuniform 
beams. The method is used successfully in the vibration analysis 
of airplane wings and fuselages, bridges, critical speeds of shafts, 
and so forth. The uniqueness of the method lies in the fact that 
the shape of the vibration curve need not be assumed and higher 
modes of vibration are obtained readily. 

Myklestad’s method assumes the mass distribution to be repre- 
sented by concentrated masses at several stations along the beam. 
The stiffness coefficients for each section of the beam between 
stations are determined from the actual stiffness curve of the 


' Associate Professor of Mechanics, Department of Mechanics, 
College of Engineering, University of Wisconsin. Mem. ASME 

2 **New Method of Calculating Natural Modes of Uncoupled Bend- 
ing Vibrations,”" by N. O. Myklestad, Journal of the Aeronautical 
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until October 10, 1950, for publication at a later date 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 49—A-11. 


Discussion 


beam by the area-moment principle (see Computation Proce- 


dure ) 
formed to a tabular computational scheme by somewhat tedi- 


The geometric and equilibrium equations are then trans- 


ous algebraic substitutions which can be avoided by the matrix 


method. 


Tae Marrix Mernop 

In problems of beam vibrations, the four quantities involved 
in the solution are the shear, moment, slope, and deflection at 
any point along the beam. In the matrix method, these quanti- 
ties at any station ¢ + | must be expressed in terms of corre- 
sponding quantities at the adjacent station ¢ 

From the diagram of Fig. 1 the quantities of interest can be 
expressed by the following equations.*»* 


+ mign wigs 


dy. M 


war and 041 | and [4] are now 
replaced by quantities at ¢ by substituting Equation (3 [4], 
{1} Arranged in matrix form, these 


on the right side of Equations {1 
it 
and then Equation [4] in 


equations become 


mi 410? (ary,l, dy, 


l 
ami 
dy, 


and at i + 1 are 


The deflection 


now in terms of corresponding quantities at 7, and the quantities 


shear, moment, slope, 
in the square matrix are all in terms of mass, length, and stiffness 
of the section for any chosen frequency w. Having determined 
the square matrix for each section, the quantities at i may be re- 
, the final equation becoming 


placed by quantities ati 1, ete 


S 1), 
a1.f3 
oe tt 


The square matrix of Equation [6] is obtained by multiplying all 


1, “4 Se 
Ans 2 M, 
Fr ‘ 6 
| 


“a a” Y 


i 
i] 
A 
i] 


the square matrices of the form shown in Equation [5] where the 
ij-term is obtained by multiplying the ith row by the jth column 
Equation |6} holds for any boundary conditions, some of which 
are discussed in the section which follows 
Cantilever Beam. With the free and fixed ends at 0 and n, 


respectively, the boundary conditions become 


So = M, = 0 


= 6, = y, 


Substituting into Equation [6 


***Mechanical Vibrations,” t W. T. Thomson, Prentice Hall, 


y 
Inc New York, N. Y., 1948, p. 172 
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Fie. 1 Free-Bopy DiacraMm or Section i 


Ay + Auyo = 0 


Aw + Auyo = 0 


E\iminating 4 and yo, the frequency equation becomes 
AgAu 
133 


Beams With Hinged Ends. The boundary conditions are 
Vwe=M 
Thus from Equation [6 
oS 


14 So T A gh. 


and the frequency equation becomes 


fal 


+ Ay = 0 8] 
An : ' 


An Airplane Wing 


Placing station 0 at the wing tip and the 


fuselage at n, the boundary conditions for the symmetric and anti- 
symmetric modes become 


1) Svmmetrie modes 


From Equation [6 


Lut + Auyo = 0 


{10} 


Equations 19) and [10 correspond toS, =Oand M, = 0,i.e., 
the shaking force and shaking moment necessary to maintain 


vibration at resonance is zero 
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CoMPUTATION PROCEDURE 


Numerical computations are carried out by first assuming a 
frequency w and computing the elements of the square matrix, 
It should be noted 
Multi- 
plying out the square matrices from n to 0, the matrix elements 
Ai; 
quency equation. 


Equation (5), for each section of the beam. 
that only the first row of Equation [5] depends on w 


of Equation [6] are obtained and substituted into the fre- 
Repeating with other values of w, the natural 
frequencies are determined where the curve for the frequency 


equation passes through zero 


EI 

















The 


area-moment principle teferring to Fig. 2 


Stiffness stiffness coefficients are determined by the 


they are 


El 


If the E/-curve between stations is assumed to be a straight line 
these equations reduce to the expressions of Myklestad.? 

Vonuniform Beam Represented by a Series of Uniform Sections. 
uniform sections as 


If the beam is represented by a series of 


in Fig. 3, the differential equation for the ith section becomes 
d‘y 
dr* 


By ty 


with the solution 


sh 3,/ 


sinh 8,/, sin 3,/;)y,' 


Differentiating, the quantities at i + 1 can be expressed in terms 
of corresponding quantities at i by the matrix equation 


c/B2 d/B3 
b/8, ¢/B2 


1 
Bc pd 





THOMSON—MATRIX SOLUTION FOR THE VIBRATION OF NONUNIFORM BEAMS 


where ] 
= = (cosh 8,4, 


sinh 8,/; 


Thus the solution can be put in the form of Equation (6) with 


l 
(sinh 8 
2 


5 + Sin B,l;) 
the corresponding frequency equations 
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D 


Introduction to the Comprex' 


G. M. Dustnperre.* There is an earlier paper by Kantro- 
witz* which appears to have escaped the author's attention. In 
that paper it was stated that the delivery pressure of the cold air 
will be greater than the inlet pressure of the hot gas. (Both pres- 
sures understood to be stagnation values The author shows the 
in his Fig. 3, as in the Meyer paper,‘ and the pressure 
There is no combustion-chamber pressure 


blower, F, 
rise 3-7 in his Fig. 4. 
drop shown in Fig. 4, so we are not to suppose that the blower is 
used for this reason 

Will the author comment on this disagreement? 

T.C. Tsu.® The writer has always been fascinated by the com- 
prex, an ingenious compression-expansion device, ever since its 
Very fe 
chines can match the uniqueness of the comprex, which is con- 
The fact 


that the comprex has worked cannot be denied, and its potentiali- 


announcement in this country several years ago Vv ma- 


structionally so simple, vet functionally so involved 
ties in the field of gas-turbine applications should not be over- 
looked 

The writer 
For example, the author has shown that with a 
V7 
ponents, mn, and n,, all operating conditions of the comprex, namely, 
T;, and the flow 
innot help but wonder what 
the 


however, is puzzled by some of the author's re- 


sults given 


scavenging velocity, w, and a given pair of polytropic ex- 


the pressure ratio p,/p,, the temperature ratio 7; 
ratio W./W), are determined 
would happen, if 
temperature ratio were raised arbitr urily by injecting more fuel 


One 


without altering the ssavenging velocity 
into the combustor, or the flow ratio were varied by resetting the 
position of the by-pass valve 

Published performance data of the comprex are very meager 
in a paper by Adolph Meyer,’ and another by Hans 
Boveri: which 


However 


Pfenninger,® both being connected with Brown 
manufactured the first comprex, it is indicated that air enters the 
ind 400 F, leaves at 10 atm and 600 F; gas 


it 10 atm and 1800 F, and leaves at 4 atm and 


comprex at + atm 
enters the 
1100 I 

it is calculated that 7 
tradicts the 


and values less than 1.4 f 


compres 
Based on these figures and using the author's notation 
1.207 and n, = 1.677. This result con- 


wuthor’s assumption of using values greater than 1.4 


rn 


torn 


From a physical standpoint, it is diffieult to visualize that a 
slight variation in the polytropic exponents, particularly that for 
iffect the performance of the 


9 


should so tremendously 
comprex, as indicated by the author's curves in Figs. 6, 7 
10. The author has concluded that if both the compression proe- 
isentropic, the temperature 


expansion 
und 


ess and the process are 


expansion 
1950, issue of the 
72, pp. 47-53 


Pennsylvania 


W. Barr; 
JOURNAL AppLiep MecHaNics 
Department of Mechanical 
State College, Pa 
*'*Heat Engines Based on 
witz, paper No. 48-—-A-133 
York, N. Y November 28 December 3 
Socrety or Mecnanicat ENGINEERS 
**Recent Developments in Gas Turbines,” 
Mechanical Engineering, vol. 69, 1947, pp. 274-2 
Associate Professor of Engineering Research, The Pennsylvania 
ate College, Pa. Mem. ASMI 
s Turbine Will Fit in Future Power Fields,” 
1947, pp. 87(25)-88(26 


published in the March 
ASMI 
Engineering 
Mem. ASMI 
Wave Process 
presented at the 
1948 


By } 


vol 


The 


or Trans 


State College 

by Arthur Kantro- 
Annual Meeting, New 
of Tue American 
bs Adolph Meyer 
75 

" 
State College, 8 

* “Where ¢ 
Pfenninger, Power, vol. 91, January, 


by Hans 


ssion 


ratio and the flow ratio become unity (see Figs. 9 and 10 of the 
paper.) This means that a perfect comprex is a useless comprex 


This writer finds such a paradox hard to understand 
AutTuor’s CLosuRE 


The paper by Kantrowitz, which the author has seen, deals 


vith larger pressure ratios than does this paper. The losses in 
the high-pressure piping and the combustion chamber must be 
if they small 


evaluated in the design of a particular unit are 


enough no blower is required 
would run at off-design 
the 


If more fuel were injected the compre 
conditions. The change in wave velocities would distort 
assumed wave processes and the efficiencies of the compression 
ind expansion processes would change. Off-design conditions 
ire beyond the scope of this paper 

The author th 
tures and pressures quoted by Brown Boveri disagree with his 


also has noticed it the figures for tempera- 


assumptions, but he has not been able to resolve the difference 


The 


been hard for the author to understand also 


has 
ild 


ine 


omprex is a useless comprex 
he 


like to point out that this paradox applies to another mac 


paradox that a perfect 


However we 


the vortex refrigerator, which cannot operate unless viscous forces 
ire present, 

The author thanks the discus 
hout his repor 


Dr. Hussmann, who 


ton the cor 


and alse 


sers 


talked with the author a 


Effect of Imperfections on Buckling 
of Thin Cylinders and Columns 
Under Axial Compression’ 


J. W. CLARK? anp Marsuayi Hows It was the authors’ inten- 


ill known test data on the com- 
pressive strength of thin cylinders under axial compression. The 
udditional 


tion to apply their analysis to 


f this discussion is to make available some 


purpose © 
Aluminum Research Laboratories, some of 
new The 


Tables 1, 2, and 3 
were reduced as much as possible by machining the outside sur- 


lata obtained at the 
which are quite iluminum-alloy specimens are de- 
seribed in # this discussion. Imperfections 


tubing had been shrunk onto an 
The 
ends were cut flat and perpendicular to the axis of the specimen 

The rroup \ and 


suse thes they 


we of drawn tubing after the 


irbor, or completely machining the tubes from rolled rod 


specimens of ¢ were of uniform section be- 


fitted with snug-fitting rings 
to facilitate handling and to insure it the ends The 
of Group B bore directly against 


were so flimsy, were 


roundness 
ends of these specimens and those 
the hardened platens of the testing machine One pl aten Was tree 
to tip until a small load was placed on the specimen. It was then 
clamped in this position. The specimens of Group C had shoul- 
lered ends which held them round 
duced central portion to the end was made with a fillet of quite 


In these tests the platens were aligned 


The transition from the re- 


generous proportions 


The Comprex, Description and Theoretical Discussion of a 
Type of Pressure Exchanger by Albrecht Hussmann 
USAF Technical Report No. F-TR-1189-ND, ATI No. 38398 
By L. H. Donnell and C. C. Wan, published in the March 
issue of the JouRNAL or AppLiep Mecuanics, Trans. ASMI 
. pp. 73-83 

* Aluminum Research 
America, New Kensington, Pa 


Special 


1950 


vol. 72 
Laboratories Aluminum Company of 
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TABLE 


Specimen 
no 
33-1 
3 
34 
35 


1 DESCRIPTION OF 8 
ALUMINUM-ALLOY DRAWN 


Outside 
diameter 
D 


in 


WOOF 


Wall 


thickness 
t 


in 
0.0195 
0.0195 
0.0193 
0.0126 
0.0098 
0 0080 
0.0075 
0 0080 
0.0041 
0.0033 
0.0031 


DISCUSSION 


PECI 
TUE 


MENS OF 


3ING 


GROUP 
INITIALLY 4 


4 MACHINED FROM 


IN 


oD 


Length 
in 
6.00 
4.00 
2.00 
4.00 
4.00 
6.00 
4.00 
2.00 
6.00 
3.50 
2.00 


Ratio, 
Rit 


630 


Area 
4 
sq in 
0.248 
0.236 
0.236 
0.160 
0.123 
0 098 
0.098 
0.098 
0.050 
0 O41 
0.038 


x 


0.054 IN. 
Ultimate 
load 
Pp 
Ib 
7160 


Note: Properties of material from which specimens were turned are as follows 


Tensile strength = 63,200 psi 
Tensile yield strength (offset 
Compressive yield strength 


rABLE 
ALUMI 


Specimen 


no 


= 0.2 per cent) = 45,200 psi 


offset 


= 0.2 per cent) = 


38,200 psi 


2 DESCRIPTION OF SPECIMENS OF GROUP B MACHI 
MIALI 27/4, IN. OD 


NUM-ALLOY 


Outside 
diameter 
D 


DRAWN 


Wall 
thickness 
t 


in 
0.0655 
0 
0 


TUBING 


INITIA 


0 
0 
0 
0 
0 


5 
0500 
0415 
0255 
0430 
0315 


s¥ 2 


NED 
) 


FROM 
x 0.203 IN. 


at 


Ultimate 


0,750 


Properties of material from which specimens were turned are as follows 


Tensile yield strength 


Tensile strength 


60 660 psi 


178-T4 


WALL 


Compressive 
strength 
P/A 


psi 


178-T4 
WALL 
Jompressive 
strength 
P/A 


psi 
48.300 
47,400 
47,500 


45 
45 
39 
45 


34 


700 
730 
500 
600 
400 


offset 


= 0.2 per cent) = 


40 800 psi 


DES ION OF SPECIMENS OF GROUP ¢ 


TABLE 3 


RIPT 


MACHINED FROM 758-T6 ALU MINUM-ALLOY 2-IN-DIAM ROLLED ROUND ROD 


teide 
ameter 
D. in 

719 
478 
1 433 
1.410 
401 


Wall 
thickness 
t, in 
0.1719 
0 O515 
0 0288 
0.0176 
0 0121 


Area A 
sq in 


0 
uo 
0 
0 
0 


836 
231 
27 


0770 
0528 


First test 


Ultimate 
loa 
P, ib 
83,000 
9,000 
10,050 
5, 500 
$50 


Compressive 
strength, 

4. psi 
99,300 
82,300 
79,100 
71,5 


63,500 


Second test® 


Ultimate 
load 
P, ib 


19,350 
10,200 
Soh) 
3,595 


Compressi 
strength 
i, ps 


83 Su 
80), 300 
73,300 
68,100 


ve 


1.394 0.0093 > 0 
ced section between shouldered ends 


6-in-long red 
f l rn ut from undam i portion after first test 


4.5-1n-l 
Nore 


ng unife section ¢ 


Tensile strength 85,700 pai 


Properties of material from which specimens were turned are as fo 


0405 2.365 58.400 2.455 60,500 


parallel within 0.0003 in. in 12 


device and clamped in this position 


Tensile yield strength (offset = 0.2 per cent 


yeild strength 


offset 


76,100 psi 


0.2 per cent) = 


82.000 psi 


in. by means of a special leveling 
In all cases the failure was 


quite sudden and the bur kle pattern consisted of a number of 


small waves near one end 


C, the central portion 


In the case of the specimens of Group 


f the specimen appeared undamaged so 


this was cut out and retested after the ends had been machined 


flat and perpendicular to the axis 
two sets of test results indicates that this detail « 


testing was relatively unimportant 
The data 


theoretical buckling curve 


the paper 


are 


some 


plotted in Fig 


for l 


f the 


The close agreement of these 
method of 


1 herewith, together with the 
= 0.00015 sealed from Fig. 9 of 
of these tubes developed higher ratios of critical 


stress to theoretical critical stress for perfect evlinders than were 


develope dit 


v of the tests discussed by the authors 


The trend of the data points from specimens of Group A having 


r/t ratios greater 
indicating increasing difficulties in making and testing specimens 


than about 


with high ratios of radius to wall thickness 


200 crosses the theoretical curve, 





U+0 00015) 


75S 
@ i7S-14 


Tuers —+ 
TUBES 





near the proportional limit, 


the v 


duced, and the corresponding curves in Fig 


somewhat lower than those shown 


The specimens of Groups A and B with r/f ratios less than 200, 


and tour ol the specimens in Group ( 


above 


the elastic 


stress range 


failed at average stresses 


The curves for o,/\ UE) equal to 


20 and 50 have been transferred from Fig. 9, and appear to agree 


fairly closely with the test results in Fig. 1 herewith 
values of this parameter are 24.5 for Groups A and B, and 52.5 for 


(;roup 


when o, 


cent offset 


f, as the authors suggest, ¢, 


T 


is the compressive yield strength at 0.2 per 
were taken as a value 


he actual 


The authors 


we were able 


the confirmatior 


AuTHors’ ( 


to cite in our paper 
which this new 


curves for plastically initiated buckling 


alues of @ 


“LOSURE 


We 


data gives 


our 


UE) would be 
1 would probably be 


re= 


much obliged to Messrs. Clark and Holt for 
the interesting new data which they add to the experiments which 
are somewhat amazed at 
theoretical 


We had only advanced 
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our results as rough approximations, even though we believed 
them to be the best which could be obtained at present 

In using our curves of Fig. 9 for design purposes, the following 
values of the unevenness factor U’ should give reasonable results 
0.00015 to 0.0003 for machined cylinders 
ind Holt or Robertson): 0.0003 to 0.0005 for «ylinders carefully 
rolled from well-flattened sheet (such as those of Lundquist 
0.0005 to 0.0010 for evlinders rolled from unflattened sheet (such 
The quantity ¢, is defined in our 


(such as those of Clark 


as those of Bridget or Donnell 
paper taken as the vield point of the material (not 
the proportional limit This is an arbitrarily defined quantity 
for materials like the aluminum alloys, but the “yield point” as 
as any simply defined 


ind should be 


usually defined is probably as suitable 


quantity would be 


Deflections and Moments Due to a 
Concentrated Load on a Cantilever 
Plate of Infinite Length' 


H. D. Conway An approximate solution to the problem dis- 
cussed by the author may be obtained quite simply by applying 
the well-known Levy methed to a rectangular plate having two 
parallel edges simply supported, one edge clamped and one edge 
Ire If the lengtl -breadth ratio of the plate is then assumed 

f l the fact that the short sides of 


to be fairly large (e.g., a/b = 4-5), 


the plate are simply supported instead of free will not alter the 
magnitudes of the deflections and stresses in the central region 
to any appreciable extent. To illustrate this approximate 
method, the particular case where the concentrated load acts at 


jual distances from the clamped and free edges is considered. 


The labor in 
blv reduced b 


in making the calculations can be considera- 
Timoshenko’ for an- 


volved 
using the data given by 
other plate problem 

The differential equation for the loaded portior 


of the plate is 
DV ‘iw =q 


where q is the intensity of loading. For the unloaded portions of 


the plate the corresponding equation Is 


In the usual Levy manner, the deflection of the strip between the 


dotted lines AB and CD, Fig. 1, may be written as 


mori marr 
cosh sin 
a a 


represents the deflections due to evlindrical bending of the simply 


supported strip By evaluating a , It may easily 
published in the March 
ASME, vol 
Ithaca, N. Y 
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JouRNAL or Appliep Mecuanics, Trans 
2 Professor of Mechanics, Cornell University 
ASME, 
Theory of Plates 


Hill Book Company, In« 


72, pp. 67-72 


Jun 


ind Shells,” by S. Timoshenko 


New York, N. Y. 1940, pp. 146-149 
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be shown that 


1950, issue of the 


MeGraw- 


SEPTEMBER, 1950 
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2Pa 
. b, Dr* 
m@eI13.5 


For the region above the line AB, \ 


: ) mary 
= ( 1.’ cosh 
a 


ind for the region below the line 


mary 
+e (4.7 
1 


By 


conditions of deflection, slope, moment 


18 and adopting the 


Using the continuit, 


and shearing force along the dotted line 
notation 


marb 


la 


it is found that, if 8,, is assumed very small 


Four similar equations found for the 


tracted from the above equations 


D 


Along the clamped edge 


and along the free edge 


0*w” 
Oy 
dw" 
ov? 





Assuming for convenience that » = 0, these four boundary con- value —0.370 P given by the author Again the discrepan 


ditions give, when taken with Equations [9] partially due to differences in the values of Poisson's ratio 


+ sinh a,, cosh a,(a,,? 3 cosh? a, wil + cosh? a. )j 


a,.? + 3 sinh? a,, cosh? a 
sinh a«,, cosh a, + sinh® a,(2a,, , h? a, cosh? a,,)| 


a,,? + 3 sinh? @,, cosh? a,, 


, cosh? a, + sinh a,, cosh a,, (2 3 cosh?* @ 


a,? + $ sinh? a, cosh* a,, + 1 


a,,” sinh? a,, (3 cosh? a, 


} 2a,, sinh a, cosh a % 


+ 3 sinh? a, cosh? a 


where a,, . The remaining eight constants may 


be determined from Equations 8] and [9 


From Equatio }) the deflection under the load is 


cosh a,,(a,,2— 3 cosh® a, 


a,,?2 + 3 sinh? a,, cosh? a,, 


If this express is evaluated for a/b = the sum of the first AuTHor's CLOSURE 


four terms is found to t 0.07213 (Ph xD) and the remain- ; : : 
The author greatly appre ites Professor ( 
ing terms simplif beco - 
mmments Phe suggested approximate 


lem indeed seems to vield good results 


enterline of the vlate It api 


ver, whether the complete 
throughout the significant 
be obtamed 


be shown that 


ar us¢ i th suthor as nm « 
1 zeta function numerical »1 are used . atl . 
P model owt r part trom superh 
is found its 1 mle H ve tpi ’ iy 
> : fundamentally in their matt 
13) is summed 

f loading the streas-strain ct 
obtained, thus showin of loading, t] . om 
pendent of with 


result giver 
onsid 
of mild steel 
in the values o mild ‘ 
it whereas 


If this expression is evaluated 


the viscous-friction model propose 


five terms is 
onfusior 


avoid repetition 


come 
yw in metals and the 


J. Thorne, published in the March, 1950 
URNAL OF Apptiep Mecnanics, Trans. ASME, vol 
Associate Professor of Applied Mathematics, Brow 
pe Providence, R. 1. Mem. ASMI 
which is a geometric rie The total sum of Equation [16] is Time Effect in Testing Meta H. Quinney 
then found to be 0.3584 P which compares favorably with the |. 157, 1934, pp. 332-334 
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flow of such materials as textiles and organic plastics, the writer 
suggests that the latter phenomenon be termed time-dependent 
elasticity according to its long-time recovery, and that plasticity 


be restricted to the type of phenomena found in metals and asso- 


ciated with permanent strain 


AuTHOR's CLOSURE 

The author made no attempt to justify the use of the spring- 
dashpot model in this paper. It was assumed that the paper 
by Fredrickson and Eyr.ng was sufficient justification for the in- 
vestigation. However, see also ‘Elasticity and Anelasticitv of 
Metals” by Clarence Zener, University of Chicago Press, 1948, 
especially page 42 The theoretical basis of the model on the 
atomic or molecular level and the consequent expressions for the 
constants of the material in terms of structure properties of the 
fundamental units appeals to the author as basically correct 

It is well known that many materials including iron show the 


followi types of deformation for loading or unloading. See 


SEPTEMBER, 1950 
“Elastic After-Effects in Iron Wires From 20 to 550 C,”’ by W. A. 
West, Trans. AIME, vol. 167, 1946, pages 192-221: 


1 Instantaneous deformation recoverable instantaneously in 
whole or in part. 

2 Delayed deformation recoverable slowly in whole, in part, 
or not at all 


3 Permanent deformation 


West also found that the Major part ot strain is recover ible 
The model as used in the paper implied recoverable deformations 
as indicated by primary creep Secon | iry creep effects were not 
discussed 

{ stress-strain curve composed of two straight-line segments is 
it least disturbing where it should have nonconstant continuous 
slope. Finally, it must be admitted that the model as used is not 
the final 


wdequa ies will be traced to the fact that as used it re presents 


answer, but it is felt that many of its quantitative in- 


in average of many similar units on a molecular scale 








Book Reviews 


7 . . x ~ 

Numerical Analysis of Heat Flow 

Nemerrcat Anatysis or Heat Frow. By G. M. Dusinberre 
McGraw-Hill Book Company, Ine., New York, N. Y., 1949 
Cloth, 6 X 9 in., xiv and 227 pp., illustrations, $4.50 


teviewen BY Victor PascHKis 


"THE author proposes to describe in this book the application 

of the ‘relaxation procedure’’ to heat-flow problems and thus 
provide practicing engineers with the “final numerical results’ 
which they It includes sixteen sections which 


are all in juxtaposition without tying in such sections which are 


need (page 199) 


closely related under a common superior heading 
The first three sections (thermal! properties, elementary com- 
and analytical solutions) form a sort of introduction 


It is believed that even 


putations, 
written in clear and elementary style 
engineers who have been out of touch with mathematical texts for 
a considerable length of time will have no difficulty using this 
ection. The next seven sections deal with steady-state prob- 
The following three sections deal 
The next two 


lems, one- and two-dimensional 


with transient flow in one and two dimensions 


with refinements, namely, “cyclic transients and 


In the last section the author deals with 


sections deal 
variable properties 
a number of engineering problems, partly solving them, partly 
only discussing them In addition, this section includes some 
general speculation on engineering work, in general, and partieu- 
larly connected with the rela method 

The text with the one 
the relaxation technique, is somewhat short in treating on page 
68 the iteration method 


itior 
lealing exclusively numerical method, 
In order to make the book more useful 
the author quotes applications from a large variety of fields. It 
is unavoidable that some errors in special applications occur 
easehardening of steel, case page 139, is not done by induction 
heating. Casehardening is a technique which includes increasing 
the carbon content of steel near the surface in order to obtain 
greater surface hardness 

The book will be helpful to an engineer who wants to master 
sections dealing 


the special technique of the relaxation method 


with this topic being written in the form of concise instructions 


Only in a few instances are the instructions not clear. For ex- 


ample, pages 57-59 are not easy to follow; the additions in 
Figs. 8-12 are made for the right, not, as the text reads, from the 
left. Similarly on page 64, the technique of block relaxation is 
introduce which is not defined but is introduced onlv by infer- 
ence 

Mathematical proofs, considerations of accuracy, and physical 
This is at the same time 


interpretations are held to a minimum 


the main asset and the main disadvantage of the book. It would 
serve the purpose of an operator’s instructions manual but will 
be insufficient for the reader who wants to evaluate accuracies 
and possible scope ol the technique on a broad scale 

In almost all chapters a number of examples are given and 
ample problems for the use of students are presented 

The author takes great pains to place the numerical method in 
the right perspective in connection with the practice of heat-flow 
engineering 

Although the author discourages the use of charts and graphs 
as aids to the practicing engineer (pages 20 and 198) his case seems 

! Technical Director, Heat and Mass Flow Analyzer Laboratory, 
Columbia | New York, N. Y. Mem. ASMI 


niversity 


not too strong: he objects on the basis that charts and graphe 
have to be made on the basis of simplifying assumptions, for ex 
ample, constant thermal properties; but most of the book is based 
on the same assumptions and only a few pages (section 15) give 
some indication how to handle temperature-dependent properties 

In weighing the advantages of the numerical method as against 
charts the author refers to the ability of the structural engineer 
to solve stress problems which usually are not presented in the 
form of graphs and tables Against this, one might quote the 
steam tables—the author will not expect the thermodynamic engi- 
neer to caleulate pressure heat content, etc., of steam for every 
problem, but will agree to the use of tables. The tool of numeri- 
eal analysis will be very helpful to an engineer working daily with 
it. It is not a method that can be picked up in a few minutes by 
the practicing engineer usually not concerned with this kind of 


approac h 


Numerical Methods of Analysis 
in Engineering 
Nemericat Meruops or Anacysis In Encinee rine A publicatio 
resulting from a symposium held at Illinois Ir Technol- 
ogy Arranged and edited by L. | Macmillat 
( obipany New y wk N y 194 ott 6 ‘ a it aNi 
pp., $5.80 


I . 


stitute of 


Grinter The 
and 207 
Reviewep spy D. N. pe G. Austen? 


engineering 


numbers 


4 practical problem is confronted im 


WHEN 


the solution required is usually a number (or 


The number is not necessarily required to be found exactly but 
i 


only to within some specified degree ol accuracy These are two 


basic reasons why it is important that there should be a growing 


interest in and application of numerical methods: in the first 


place they often provide the only hope of obtaining even an ap 


to many sufficient labor 
their approximations can usually be improved as much as may be 


proximate answer problems—and by 


necessary; in the second place numerical methods often provide 


a sufficiently accurate result much more quickly than rigorous 


mathematical analvsis, in cases when the latter can be used to 


find an exact solution The book under review is one which will 


be of interest to many readers—both to those who are using and 


developing these methods and also to those engincers who may 
wish to find out what sort of problems can now be solved for them 
numerically The book is composed of ten chapters by different 


authors and results from a symposium on numerical methods 
held at the Illinois Institute of Technology in honor of the twenty 
fifth anniversary of the birth of the idea of moment distribution 
the first chapter is a reprint of the original paper on moment dis 
tribution by Hardy Cross; today any further comment on that 
article would be superfluous 

deseripti ms of methods already 


Some of the hapters are 


established: some suggest new methods, or at least new modifica- 
tions of known methods; and others are discussions of the back- 
ground and fundamenta hypotheses on which the methods are, 
in general, based. Thus F. 8. Shaw contributes a brief descrip 
tion of the application of the relaxation method to solve boundary- 


value problems governed, in particular, by Laplace's equation 
South 


Imperial College of Science and Technology 


London, England 


? Lecturer 
Kensington 
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It is a little to be regretted tha 
variants of some of the hitherto accepted nomenclature and sym- 
Dealing with the same (Laplace's) equation M. M. Frocht 
proposes a new idea for obtaining a good first approximation to 
the solution. R. V. Southwell has written a short but provoca- 


he finds it necessary to introduce 


bols. 


tive chapter in which he discusses one of the underlying as- 
sumptions on which all finite-difference methods depend; this 
assumption is that of the validity of polynomial representation 
and his conclusion is, that in order to reduce the inherent error 
of a finite-difference replacement for a differential equation, a 
reduction in the size of the intervals is to be preferred to an in- 
troduction of more complicated finite-difference formulae. 

Three chapters are, separately, surveys of certain topics or as- 
J. Higgins gives an account of 
the problem of the torsion of a cylinder, making particular refer- 


pects of numerical methods: T 


ence to the application of variational methods and their use 
both contrasted with and complementary to the use of finite- 
difference methods. F. Baron is more concerned with the general 
to the 
similarities that exist from the numerical point of view in solving 


approach to numerical solutions; he draws attention 
a variety of problems, emphasizes the consequent importance of 
phy sical analogies as aids to solution, and discusses broadly the 
in common use and the 
M. Newmark makes a 


rather more detailed comparison of some types (e.g., iterative 


tvpes of computational steps which are 
orders in which they are applied N. 
step-by-step, relaxation, ete.) of numerical methods illustrated in 
applic ition to stress and strain analysis 

Two chapte rs are devoted to numerical solutions of heat-trans- 


G. M 


steady-state problem, both of which, in effect, are examples il- 


fer problems Dusinberre solves one transient and one 


lustrating methods of solving sets of linear simultaneous algebraic 
M. K. Boelter M 


differences to solve the heat-conduction equation and have de- 


equations. L and Tribus employ finite 
vised a system of recording which is particularly effective when 
the temperature at one internal point only is under investigation 

The book is well produced 


ception that many of 


ind clearly printed with the ex- 
the diagrams, although carefully drawn, 


have been too much and unnecessarily reduced in size it has 


been arranged and edited by L. E. Grinter who himself has written 
a chapter on grid analysis; emphasizing the statistical nature of 
stress, Dr. Grinter puts forward his belief that the stresses ob- 
tained using an inalogous grid to re place a plate may be more 
useful than would be point stresses found by solving the equations 
of mathematical elasticity. He explains how the grid should be 


properly devised and also details the numerical procedure 


Practical Analysis 


Numerical Methods 
Robert T. Beyer 
New York, N. Y 


figs., tables 


By 
Brown 
1948 


illustrations 


Practica ANALYsis 
Friedrich A. Willers 
University Dover 
Cloth, 6 X § in., X 
$6 


Graphical and 
(Translated 
Publications 
and 422 pp 


by 
Ine 
132 
Reviewep sy V. L. SaLerno* 
r % , 

HE 


methods of pr wtical analvsis and consists of six chapters 


book deseribes graphical, numerical, and instrumental 


with the following headings: (1) Numerical calculation and its 


aids; (2 


interpolation; (3) approximate integration and differ- 


entiation; (4) practical equation theory; 


(b 


(5) analysis of empirical 


function; approximate integration of ordinary differential 
equations 

The first chapter is devoted to a discussion of errors, function 
scales, nomograms, and desk calculating machines such as the 


Marchant, Monroe, and the Friden 


* Associate Professor of Applied Mechanics, Polytechnic Institute 
of Brooklyn, Brooklyn, N. Y 


APPLIED MECHANICS 


SEPTEMBER, 1950 

The second chapter deals with the genera] interpolation for- 
mulas of Newton, Sterling, Bessel, and applications of 
formulas. 


these 


The third chapter describes and gives the theory of the inte- 
grator and planimeter and discusses Euler’s formula and mean- 
value methods used in approximating the values of integrals 

Chapter 4 is devoted to the approximate calculation of the 
roots of any equation by linear interpolation, Newton's method, 
Graeffe’s 
methods for determining roots graphically are described 


iteration methods, and method. Some interesting 
The 
chapter concludes with several analytical and graphic il methods 
for solving simultaneous linear equations 

The fifth chapter is devoted to curve fitting by linear functions, 
power series, orthogonal functions, and by the method of least 
squares with several graphical methods for harmonic analysis 
The last chapter discusses the isoclinic, Runge-Kutta, and 
Adams methods for the approximate integration of ordinary dif- 
ferential equations 

The material is presented clearly with a large number of illus- 
trative examples making the book quite useful for self-instruction 

It appears that the value of this book to present-day investi- 
gators would have been greatly enhanced by a discussion of com- 
putational machinery such as differential analyzers, digital and 


analog computers, and IBM machines 


Theory of Wing Sections 


[ueory or Wine Sections: Including a 
Data. By Ira H. Abbott and Albert E. von Doenhoff 
Hill Book Company, Inc., New York, N. Y 
don, England, 1949 Cloth, 6 
graphs 


Summar 

Me 
Toronto, Car 
0 it Ry 
references, 315 


diagrams, figs 


Reviewep By Huan L. Drypen* 


N this book the authors present the results of ten 
conduc ted | 
he 


Practical ut 


perimental and theoretical research 


tional Advisory Committee for Aeronautics on des 
sections for use at subcritical speeds 
theoretical methods and experimental data to designe 
guiding principle of the treatment 

The step from wing-section characteristics to three-d 
bed (30 


Students would 


wing characteristics is sketchily deser ages 


ilmost in cookbook-re« ipe fashion 


begin with chapter 2, deferring chapter 1 until chapters 2 


been completed, with the expectation idditiona 


of 
eferences on chapter 1 


Some 52 pages (chapter 9) are devoted to the eff 


pressibility at subsonie speeds with such illustration 


is can be given from unclassified literature 


About h ilf the book is devoted to des« nption an le | 
data on NAC 
The data 


\ families of wing sectior 
obtained in the 3 X 7 
turbulence pressure 


s of practic 


were -ft two-dimer 


tunnel at Reynolds numbers 


4 


million and Mach numbers less than 0.17 


Chapters 2, 3, and 4 give a systematic treatment of 


theory addressed to engineers with a limited backg 


retical aerodynamics and mathematics. Beginn 


equations ot motion, the concepts ol stream tunctios 


motion, vorticity, circulation, and potential at 


veloped in chapter 2 (14 pages) and examples are givet 


flow, sources and sinks, doublets, vortex motion, anc 


a circular inder in a uniform stream with and witl 


lation 
Chapter 3 (17 pages) introduces complex variables 
* Director 

ington, D. ¢ 


National Advisory Committee for Aeronauti 
Fellow ASME. 





DISCUSSION 


forma! transformations. The theory of wing sections of finite 
thickness is developed as the conformal transformation of the 
Theodorsen’s method for the flow 
about arbitrary wing sections is then presented in extended out- 


An empirical modification to account for the effect of 


flow about a circular cylinder 


line form 
the boundary layer as developed by Pinkerton is then described 

Chapter 4 (15 pages) describes the theory of thin wing sections 
following the treatment of Glauert. It is then explained how a 
combination of thin and thick-wing-section theory gives a simple 
method of quickly computing pressure distributions with engi- 
neering accuracy 

Chapter 5 (30 pages) is a brief treatise on the effects of viseos- 
itv, ie., boundary-layer theory, including transition and sepa- 
ration of laminar and turbulent layers. 

Chapter 6 (12 pages) describes the development of the NACA 
families of wing sections including the low-drag sections. 

Chapter 7 (63 pages) gives a valuable systematic analysis of 
the extensive experimental data on these families set forth in the 
last half of the book. This includes such practical details as the 
effects of surface irregularities resulting both from current meth- 
ods of manufacture of aircraft wings and from artificial rough- 
ness 

Chapter 8 (58 pages) is devoted to high-lift devices for improv- 
ing the maximum lift coefficient, a subject of great importance to 
aircraft designers 

This is one of the indispensable books for any engineer con- 
cerned with aircraft or machinery design in which airfoil data are 


used. 


Introduction to the Laplace 
Transformation 
Lapiace Transrormation. By J. C 


Inc., New York, N. Y 1949 
viii and 132 pp., $1.50 


THE 


and Sons, 


An INTRODUCTION TO 
Jaeger John Wiley 
Cloth, 4'/4 * OF /ain 


Revitwep By Joun A. Hrones® 


‘An Introduction to The Laplace Transforma- 


‘THis book 

tion,” by J. C. Jaeger, is a small book of some 130 pages 
divided int: the list of titles indicates the scope of the 
manuscript: (1 Theory, (2) Electric 
Theory, (3) Further Theorems and Their Applications, and (4) 
Partial Differential Equations 

It is one 
graphs on 
provide 


»4 chapters 


Fundamental Circuit 


of a series of books bearing the title Methuen’s Mono- 
Physical Subjects The purpose of the series is to 
ompact and usable statement of the basic principles 
and their applications of each subject covered by the monograph 
They 


de rstood Dy 


ire supposedly written at a level that can be read and un- 
those whose educational background is of the level 
of a bachelor’s degree in science or engineering and who are 


This 


volume by Jaeger presents a very brief treatment of some funda- 


working in fields relating to those discussed in the series 


mental applic itions of the Laplace transiormation It gives 


very concisely a few of the widely used theorems, in each case 


illustrating their use by actually carrying through the solution of 
The 


examples which are completely solved is one of the features of 


several problems relatively large number of illustrative 

this book 
In the second chapter the Laplace transformation is applied 
to the solution of linear differential equations arising in the analy- 
tric circuits. In the same chapter, applications to 


i] systems involving rotating shafts and disks are taken 


ofessor of Mechanical Engineering, Massachusetts Institute of 
ogy, Cambridge, Mass Mem. ASME. 
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up. A brief discussion of applications to the analysis of servo- 
mechanisms is also included 

In the final chapter an introduction to the use of the Laplace 
transformation in the solution of partial differential equations is 
presented. The major application discussed in this respect is 
the electric transmission-line problem. A number of problems 
are included at the end of each chapter 

The book is well done and although limited in scope, would 
serve the needs of. many engineers and scientists. A major 
criticism is the failure to include in the book a suitable table of 


functions and their corresponding Laplace transforms 


Manual on Fatigue Testing 


MANUAL ON Fatiave 
terials, Philadelphia, Pa 
91. 6 X 9in., 88 pp 
$3.15; to A'S.T.M 


Testinc. American Society for Testing Ma- 
1949, Special Technical Publication No 

Heavy Paper Cover, $2.50; Cloth Cover 

Members, Paper, $1.85; Cloth, $2.50 


Reviewep sy G. 8. CHerniax’ 

"THIS manual has been compiled in recognition of the growing 
importance of the fatigue problem in modern machine de- 

sign. The scope of the manual as stated by the personnel of the 

committee headed by R. E “The formulation of 

methods for the determination of fatigue characteristics of simple 


Peterson is, 
and composite materials, components, and processed parts 

The manual is divided into an introduction and seven sections 
presenting the consensus of the current viewpoint on the following 
topics: symbols and nomenclature for fatigue testing, fatigue-test- 
ing machines, specimens and their preparation, test procedure and 
fatigue data, 

While it is by no means a defini- 


technique, presentation of interpretation of fa- 
tigue data, and bibliography 
tive text on the subject, and was not intended as such, it is 
the 


standardization of 


undoubtedly an extremely valuable guide to workers in 


field 


nomenclature, presentation of data, ete 


As is inevitable in a first attempt at 
in a highly specialized 
field, differences of opinion stemming from different professional 
viewpoints are However, what were 
the 


There is some question in the reviewer’s mind as to the justifica- 


apparent compromises 


entailed in presentation appear to be quite reasonable 
tion for omitting any discussion of damage phenomena and the 
statistical interpretation of data in the manual 

This manual is highly recommended as a guide to workers in 


the field of fatigue 


Solution of a Problem in Elasticity 


Discussion, applica- 
By Federico Goded 
Echevarria. Instituto Technico de la Construccion y del Cemento 
No. 88, Madrid 1949 


TH 


tric 


ResoLocion DE UN Prosiema pe ELasticipap 
tions, and solution of G. B. Jeffrey's problem 


Spain 


Reviewep By Ernesto Sacemt 
author claims to have solved Jeffery’s problem——the eccen- 
ring under uniformly distributed internal and external 
normal loads, by applying the transformation of inversion to a 


He works 
out the stress field and compares his results with those obtained 


concentric ring whose solution was given by Lamé 


by Jeffery* and finding them different qualifies Jeffery'’s solution 
as “approximate.” 

As anybody familiar with Jeffery’s paper knows, his solution is 
given in a closed form and hence is exact within the usual restric- 
* Chief Engineer, Lessells and Associates, Inc., Boston, Mass 

Research Engineer, Armour Research Foundation of Illinoix In- 
stitute of Techn siogy, Chicago, Ill 

* “Plane Stress and Plane Strain in Bipolar Co-Ordimates,”’ by G. B 
Jeffery, Philosophical Transactions of the Royal Society of London, 
series A, vol. 221, 1920-1921, pp. 265-293 
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tions of two-dimensional elasticity. The author was misled be- 
cause the procedure he followed gives indeed the solution for the 
inverted problem if the region is simply connected but, as was 
pointed out by Mindlin’ in multiply connected regions, as in the 
present case, a solution that is single-valued in the original do- 
main, may originate multiple-valued solutions in the inverse 
domain. 

It is unfortunate that the several technical applications studied 
by the author cannot be used because of the afore-mentioned 
fundamental error in the deduction of the formula. It should 
also be noticed that the author does not mention any bibliographic 


reference. 


Theoretical Hydrodynamics 


Tueoreticat Hypropynamics. By L. M. Milne-Thomson. Second 
edition. College Department, The Macmillan Company, New 
York, N. Y., 1950. Cloth, 6 XK 9'/4 in., xxiv and 600 pp., 
illustrated, $8.50 


Reviewep By R. C. Binper” 


HIS book is a reference work on the purely mathematical 
study of fluid motion. The book departs from the usual pres- 
entation in that vector methods and notation are used through- 
A large number of particular flow problems are analyzed in 
methodical; the mathe- 


out. 
detail 
matics is reasonably self-contained 
Nineteen chapters deal with frictionless flow; the other chapter 
All the chapters except the 
Exercises are listed at the 


The treatment is clear and 


deals with laminar or viscous flow. 
last assume an incompressible fluid. 
end of each chapter. 

Chapter 1 presents a number of introductory theorems. Chap- 
ter 2 covers properties of vectors useful in flow studies. Vectors 
are introduced without any reference to systems of co-ordinates. 
Chapter 3 presents the basic relations of continuity, energy, mo- 
mentum, and vorticity in vector form. Chapter 4 is occupied 
with features of two-dimensional motion which can be treated 
without the complex variable. Chapter 5 presents the complex 
variable, defined as a vector operator, and conformal mapping. 
Chapters 6 through 14 form a unit in giving a detailed study of 
two-dimensional motion. These chapters make full use of the 
complex variable, conformal mapping, and Blasius’ theorem. 
These chapters inc lude kinematic studies, basic flows (as sources 
and sinks), Joukowski airfoils, the moving cylinder, the mapping 
Christoffel, Chapter 13 
the Karman vortex street, and the 

Chapter 14 deals with two-dimen- 


theorem of Schwartz and and jets. 
covers rectilinear vortexes, 
drag due to a vortex wake 
sional wave motion. 
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* Stress Systems in a Circular Disk Under Radial 
Rk. D. Mindlin, Jounnat or Apptrep Mecuantics, Trans 
vol. 59, 1937, p. A-115 
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Chapter 15 introduces Stokes’ stream function and the appli- 
cation of conformal mapping to three-dimensional problems with 
The general motion of spheres and ellipsoids 
In chapter 17 partial differentiatien 


axial symmetry. 
is treated in chapter 16. 
with respect to a vector is applied to obtain Kirchhoff’s equations 
in veetor form, thus replacing six equations by two. Chapter 18 
discusses vortex motion, in general, with application to the airfoil 
of finite span. Chapter 14 outlines the use of vector methods to 
viscous flow. Chapter 20 provides an introduction to subsonic 
and supersonic flow. 

Apart from some rearrangements, this second edition differs 
from the first in that several new theorems have been introduced, 
and a chapter on compressible flow has been added. 

Various types of books are necessary in engineering practice 
and engineering instruction. Some workers in applied mechanics 
may not favor vector analysis as the only approach to many flow 
problems. From the viewpoint of a purely mathematical treat- 
ment, however, the book by Professor Milne-Thomson is excel- 


lent. 
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of Symposia m 
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9’ /s in., illustrated, viii and 219 pp., 


Reviewepv sy Hues L, Dryven" 


"THIS volume is a collection of twenty-four papers, a few in 
abstract only, which were presented during the First Sym- 
posium on Applied Mathematics of the American Mathematical 
Society, which was held at Brown University in August, 1947 
Sixteen of the papers deal with problems in fluid mechanics and 
eight with problems in elasticity and plasticity. The authors 
are A, Weinstein, 8S. Bergman, L. Bers, G. Birkhoff, 8. R. Brink- 
ley, Jr., and J. G. Kirkwood, N. Coburn and C. L. Dolph, H. W 
Emmons, Y. H. Kuo, L. Lees, C. C. Lin, I. Opatowski, H. Porit- 
sky, W. R. Sears, H. Polachek and R. J. Seeger, J. J. Stoker, A 
H. Taub, F. D. Murnaghan, G. F. Carrier, D. C. Drucker, K. O 
Friedrichs, W. Kaplan, 5. Levy, W Reissner 
The collection gives a panoramic view of topics of special in- 
Ten of the 


Prager, and I 


terest to mathematicians interested in applications 
presentations of work 
Relative ly the 


papers clearly summaries or short 


published in 
papers ime lude the correlation of experimental and theoretical 


are 


greater detail elsewhere few of 


work. However, anyone interested in applied mechanics will 
find papers of interest in this collection 
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